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Hydrogen embrittlement and fatigue are two modes of structural materials failure for 
which mechanistic understanding is still lacking. In addition, it has been found experimentally 
that concurrent cyclic loading and hydrogen gas exposure can lead to enhanced fatigue crack 
growth rates. This work aims to propose a methodology to mitigate failure of steels by hydrogen 
embrittlement under monotonic loading and develop a mechanistic model for fatigue crack 
growth in ductile materials.  
It has been suggested that hydrogen embrittlement of steels may be mitigated by 
introduction of hydrogen traps in the steel microstructure to suppress the accumulation of the 
hydrogen necessary for crack nucleation at fracture initiation sites. It has also been found 
experimentally that nano-scale vanadium carbides (VC) significantly improve the hydrogen 
embrittlement resistance of bainitic steel. To understand and quantify the effect of VC 
precipitates on hydrogen embrittlement, we analyze the re-partitioning of hydrogen among 
various trap states during cooling from high temperature and then during loading of a cracked 
test-piece at room temperature.  
For the case of hydrogen-accelerated fatigue crack growth, we first attempt to 
theoretically model fatigue crack propagation induced by alternating crack tip plastic blunting 
and re-sharpening in the mid-range of growth rates. The model is so designed that it relies on 
inputs from experiments that measure macroscopic material behavior, such as the uniaxial cyclic 
straining, and it can successfully reproduce the response in the Paris regime. The model is also 
used to investigate the dependence of fatigue crack growth on the hydrostatic constraint. We then 
explore the hydrogen effect on crack propagation under equilibrium conditions of hydrogen with 
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material straining. The hydrogen effect is accounted for through the modification of the 
hardening response of the material according to the experimentally observed acceleration of the 
motion and generation of dislocations in the presence of hydrogen.  
Lastly, we investigate the constitutive response of materials in the presence of hydrogen 
under cyclic loading. To accomplish this, we expand on the Chaboche constitutive model which 
we calibrate using a sequence of experimental data from uniaxial strain-controlled cyclic loading 
tests and uniaxial stress-controlled ratcheting tests of a low carbon steel, JIS SM490YB, in the 
absence and presence of hydrogen. From the combined experimental data and calibrated 
Chaboche model, we may conclude that hydrogen decreases the yield stress and the amount of 
cyclic hardening. On the other hand, hydrogen increases ratcheting, the rate of cyclic hardening, 
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1.1 Hydrogen embrittlement : a brief review 
Hydrogen solutes can be present in metals as a result of processing or exposure to 
environmental working conditions. The presence of hydrogen in a material causes deterioration 
of mechanical properties such as reduced elongation and reduction in area, decreased fracture 
toughness, accelerated fatigue crack growth rate, and shortened cyclic fatigue life [1–6]. Such 
hydrogen-induced deterioration of mechanical properties is usually accompanied by transition of 
deformation processes, formed microstructure, and fractography, and these phenomena are 
commonly termed hydrogen embrittlement [5–9]. A material in the presence of hydrogen can fail 
at a rather low load level compared to that it can sustain in the absence of hydrogen or can fail at 
a much shortened life cycle and thus hydrogen embrittlement can lead to catastrophic damage of 
a component or even a structure.  
Hydrogen embrittlement was discussed first by Johnson [10]. He studied the effect of 
hydrogen on the material properties by immersing a sample of iron in different acidic 
environments. Hydrogen embrittlement has motivated many studies of the effect of hydrogen on 
the material deformation and fracture behavior [1,5,11–17]. Robertson, Birnbaum, and co-
workers [14–18] demonstrated that hydrogen enhances the dislocation mobility and induces 
localized plastic deformation which accelerate fracture. Investigating crack propagation in iron in 
the presence of hydrogen, Tabata and Birnbaum [14,15] observed that hydrogen can significantly 
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increase dislocation mobility. They reported that the local flow stress of iron can be reduced up 
to 50% in the presence of hydrogen.  
The Effect of hydrogen on the crack propagation has also been observed [14–17].  Tabata 
and Birnbaum [14,15] investigated crack propagation in iron and observed that hydrogen causes 
a stationary crack to propagate. Hanninen et al. [17] investigated the effect of hydrogen on 
fracture of A533B steel. They reported that hydrogen decreases the stress required for 
deformation near the crack tip and the crack propagation due to the hydrogen-enhanced 
dislocation mobility. 
1.2 Fatigue crack growth : a brief review 
Fatigue is the most ubiquitous mode of fracture in metallic materials accounting for more 
than 80% of all in service failures in structural materials [19,20], yet paradoxically it is the least 
understood form of fracture mechanistically despite the intense investigation it received over the 
years [21–25]. The process of fatigue failure is one of crack initiation and subsequent crack 
growth driven by the presence of cyclically varying loads. Accordingly, life prediction strategies 
are based on either total life, including both the crack initiation and propagation stages, in terms 
of the stress/strain-life (S-N) approach, or one based solely on the crack propagation life. The 
latter life-prediction approach is termed the damage-tolerant approach and relies on the use of 
fracture mechanics. The damage-tolerant approach assumes the inevitable presence of pre-
existing defects and estimates the remaining life in terms of the number of cycles for the largest 
undetected crack to grow to failure, e.g., at the limit load or when the maximum stress intensity, 
Kmax, exceeds the fracture toughness, Kc. In principle, the damage-tolerant approach is more 
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conservative than the S-N approach and, as such, is used to predict the remaining safe lifetime for 
most safety-critical applications.  
To utilize the damage-tolerant approach, a knowledge of the rate of propagation of 
fatigue cracks is the main key parameter, along with the applied stresses, crack sizes and shape, 
and the geometry of the component.  The most notable attempt to relate the crack growth rate per 
cycle (da/dN) to the applied stresses was proposed by Paris and coworkers [26,27] in the form of 
the so-called Paris power law. According to the Paris power law, da/dN was related to the stress 





  ,   (1.1) 
where K = Kmax – Kmin, the difference between the maximum and minimum stress intensities in 
a given loading cycle, and C and m are scaling constants. For the mid-range of growth rates, 
typically from ~10-6 to 10-3 mm/cycle, the Paris exponent m typically takes values between ~2 
and 4 in metallic materials; m values can be significantly higher in intermetallics and ceramics 
[29]. Although the Paris law is purely empirical and provides no insight into the mechanism of 
fatigue crack propagation, it can successfully utilize experimental growth rate results from 
“coupon” tests in the laboratory to predict the fatigue crack growth rates in structures and 
components in service, strictly for large cracks2 [30,31] subjected to constant-amplitude cyclic  
loading under SSY conditions. 
                                                 
1 This is the Paris law in its simplest form; it describes principally the mid-range of growth rates in the 
range ~10-6 to 10-3 mm/cycle. However, additional terms can be added to allow for such parameters as 
mean stress, frequency and environment, or to account for the deceleration of growth rates as the fatigue 
threshold, ΔKTH, is approached, or the acceleration at high growth rates when Kmax approaches Kc [28]. 
2 The term “large” here means large compared to the scale of microstructure, the extent of local crack tip 
plasticity (i.e., the plastic zone size), and/or the scale of crack tip shielding (e.g., crack closure) in the 
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 Since the introduction of Paris law, many studies on fatigue crack growth have attempted 
to experimentally relate crack growth rates to the stress intensity range, K.  Far fewer studies, 
however, have attempted to model fatigue crack growth analytically based on a failure criterion 
for crack advance and as such correlate the crack growth rate to the stress intensity factor. Of 
note in this regard are the works of Rice [32] and Weertman [33,34], in which a critical energy 
criterion for crack advance was employed; these models predict a Paris exponent of m = 2 to 4. 
Alternative modeling [35–37] based on a cumulative damage criterion, e.g., the Coffin-Manson 
relationship [38,39], has also been used to theoretically predict the da/dN vs. K relationship; 
these models also tend to predict m = 4.  There have also been other approaches based  strain-
controlled crack advance [40,41], cohesive zone treatments [42], and irreversible damage 
accumulation [43]. 
A different, more mechanistic, approach was followed by McClintock [44] who 
demonstrated through dimensional analysis that the crack growth rate could be related to the 
cyclic crack tip opening displacement (ΔCTOD) based on the crack tip blunting and re-
sharpening [45]. The crack tip blunting and re-sharpening mechanism had been theorized by 
Laird and Smith [45], Pelloux [46] and Neumann [47] based on experimental observations; it 
states, we believe quite accurately, that mode I3 [48] cyclic fatigue crack advance in a ductile 
                                                                                                                                                             
wake of the crack.  In contrast, so-called “small” cracks, which do not meet one or more of these size 
criteria, can display “anomalous” behavior [30,31]. 
3 The arguments described here pertain to fatigue-crack growth in mode I, i.e., along a path nominally 
perpendicular to the maximum tensile stresses (where KII = 0). The vast majority of experimental and 
theoretical studies on fatigue-crack growth have been carried out for this situation as this is invariably 
how fatigue cracks propagate in service. However, although much rarer, fatigue cracks can grow in mode 
II (shear) and mode III (anti-plane shear), e.g., under torsion loading in the presence of ample plasticity, 
and a few theoretical models, similarly based on alternating crack tip displacements or damage-
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metal is the result of alternating crack tip blunting during the loading cycle followed by re-
sharpening of the crack tip during unloading. These models are consistent with the creation of 
fatigue striations, which are the characteristic fracture mode for fatigue crack growth in ductile 
materials. Subsequently, several attempts [23–25] have been made to model fatigue crack growth 
based on this da/dN  ΔCTOD mechanism.  In contrast to the damage accumulation models 
which tend to predict a Paris exponent of m = 4, as the CTOD scales with K2, these approaches 
tend to predict a Paris exponent of m = 2. Using the mechanistic hypothesis that crack advance 
by alternating crack tip blunting and re-sharpening relies solely on cyclic plasticity, Gu and 
Ritchie [23] used finite element analysis to model such plasticity-driven crack propagation of a 
blunted crack under cyclic loading based on crack tip blunting without the need to introduce any 
specific failure criterion. Their numerical studies were carried out for only two load cycles to 
avoid very strong mesh distortion around the crack tip due to accumulation of large plastic 
deformation.  According to their results, the crack growth rate was found to be proportional to 
the ΔCTOD, as da/dN = β ΔCTOD with the proportionality constant being  β = 0.33 for da/dN > 
10-4 mm/cycle.  Although the numerical fatigue crack growth model was idealized by 
considering only two load cycles with no considerations of crack closure, it reproduced the crack 
tip blunting mechanism which is considered as the fundamental mechanism for plasticity-driven 
crack growth under cyclic loading.  Tvergaard [25] extended the work of Gu and Ritchie by 
incorporating a remeshing technique, and accordingly was able to similarly model such 
plasticity-driven crack growth but now through many load cycles, specifically for an initially 
sharp crack in a center cracked tension specimen of a perfectly plastic  material. However, 
Tvergaard [25] only considered the results of the first few cycles in investigating the relationship 
                                                                                                                                                             
accumulation, have been proposed for such non-mode I crack advance. If interested, the reader is referred 
to ref. [48]. 
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between the crack growth rate and ΔCTOD. He concluded,  similar to the earlier study of Gu and 
Ritchie [23], that the linear relationship holds but with slightly different proportionality constant 
being  β = 0.35. 
1.3 Fatigue crack growth in the presence of hydrogen : a brief review 
Many engineering components (e.g. tanks, pressure vessels, pipelines) that are exposed to 
high-pressure hydrogen are susceptible to fail under cyclic loading due to the successive 
hydrogen pressurizing and depressurizing. Hence, there is a need to fully understand the 
concurrent cyclic loading with hydrogen gas exposure. 
It has been observed experimentally that the presence of hydrogen in most structural 
metals can accelerate fatigue crack growth dramatically [49–53]. The foundation for accelerated 
fatigue crack growth in the presence of hydrogen was established by Suresh and Ritchie [49]. 
They conducted fatigue crack growth experiment in low-strength steel in both moist air and 
hydrogen gas environment. Their results showed that crack growth rate in the Paris regime was 
higher in the hydrogen environment compared with air.  
Since the study of Suresh and Ritchie, many studies have been attempted on the behavior 
of fatigue crack growth in the presence of hydrogen to better understand this phenomena [52–
56]. It has been observed experimentally that several factors can affect the degree of hydrogen-
enhanced fatigue crack growth such as hydrogen gas pressure, load frequency, and load ratio 
[57]. Increasing hydrogen gas pressure leads to increasing crack growth rate, especially at low 
stress intensity factor range, but this behavior reaches a plateau at higher stress intensity factor 
range which means that change in hydrogen pressure does not cause any significant change in 
crack growth rate [58].  Decreasing load cycle frequency results in increasing crack growth rates 
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[58]. This is because at low frequency, there is sufficient time for hydrogen to diffuse to the 
crack tip and consequently has effect on the deformation ahead of the crack tip.  However at 
lower frequency, the effect of load frequency reaches a plateau [52]. Cyclic load ratio R does not 
affect fatigue crack growth rate in the presence of hydrogen directly [57]. 
1.4 Research objectives 
In this study, we first attempt to propose a methodology to mitigate failure of steels by 
hydrogen embrittlement under monotonic loading. We investigate the effect of introduction of 
hydrogen traps in the steel microstructure to mitigate hydrogen embrittlement. In refinery 
pressure vessels, it has been found experimentally [59] that 2¼Cr-1Mo-¼V steel has more 
resistance against hydrogen embrittlement at room temperature compered to 2¼Cr-1Mo steel. 
However, the mechanistic explanation of the effect of vanadium carbides (VC) precipitates on 
resistance against hydrogen embrittlement is lacking. To accomplish this, we elucidate the effect 
of VC precipitates on hydrogen embrittlement resistance of V-modified steel. We analyze re-
partitioning of hydrogen among various trap states, during cooling from high temperature, then 
during loading of a cracked test piece at room temperature.  
As mentioned in Section 1.3, it is well known that concurrent cyclic loading and 
hydrogen gas exposure can lead to dramatically enhanced fatigue crack growth rates [49–53]. 
This work also attempts to better understand crack growth in a material under cyclic loading in 
the presence of hydrogen and develop a model that addresses the synergistic action of hydrogen 
and cyclic loading. It should be noted that although fatigue is the most common mode of fracture 
in structural material, it is the least modeled from a mechanics perspective. In Chapter 3, we 
develop a mechanistic model for fatigue crack propagation induced by alternating crack tip 
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blunting and re-sharpening in the mid-range of growth rates.  We use a proper constitutive model 
addressing cyclic loading requirements and accounting for the isotropic hardening and kinematic 
hardening. Using that constitutive model, we derive the elastoplastic large deformation 
formulation. Then, we present a finite element methodology to calculate fatigue crack growth 
rate. 
Using the proposed model for fatigue crack growth, we study the effect of hydrostatic 
constraint on the fatigue crack growth to gain a better insight into the macroscopic manifestation 
of fatigue failure of structural materials. To illustrate this influence, we will consider two pre-
cracked specimens with different hydrostatic constraint; the center-cracked panel (CCP) and the 
compact tension (C(T)) specimens. It is noted that the existing experimental observations on the 
effect of hydrostatic constraint on fatigue crack growth are not conclusive [60,61]. 
In an effort to better understand hydrogen-accelerate fatigue crack growth, we develop a 
model for fatigue crack growth in the presence of hydrogen.  The effect of hydrogen on material 
properties are modeled through the hydrogen-induced lattice dilatation [62] and the reduction of 
the yield stress due to hydrogen enhanced dislocation mobility [63]. Hydrogen diffusion is 
considered to be fast in the material such that hydrogen is in equilibrium with the local 
hydrostatic stress. We apply our proposed methodology for modeling fatigue crack growth and 
investigate the effect of hydrogen on crack growth rate and stress and deformation fields ahead 
of the crack tip. 
Lastly, we investigate the effect of hydrogen on the constitutive response of low Carbon 
steel, JIS SM490YB steel, as described by Chaboche model in uniaxial strain-controlled cyclic 
loading and ratcheting. We propose a procedure to calibrate Chaboche constative model. Then, 
we use experimentally measured stress-strain data in strain-controlled and stress-controlled tests 
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in the presence and absence of hydrogen to calibrate the model and obtain the material 
parameters. Comparing those parameters in the absence of hydrogen with those in the presence 
of hydrogen, we identify the most important material model parameters that can be affected by 





















 TRAPPING AGAINST HYDROGEN EMBRITTLEMENT1 
 
2.1 Introduction 
In petrochemical industries, hydrogen embrittlement can cause failure of components in the 
presense of hydrogen. A notable example is degradation of thick wall alloy steel pressure vessels 
exposed to high pressure hydrogen gas (10‒20 MPa) at elevated temperatures (300‒480 °C). 
These vessels can suffer from hydrogen embrittlement after shutdown to room temperature [59]. 
An approach to mitigate such embrittlement is based on introduction of hydrogen traps in the 
steel microstructure to attract hydrogen, thus making it unavailable to locations where it initiates 
fracture [64,65]. It has been observed experimentally that carbide-forming elements (Ti, Mo, V, 
W, or Nb) promote nano-scale precipitates which may improve the hydrogen embrittlement 
resistance of steel [66–68]. An example of this mitigation strategy in refinery pressure vessels is 
the replacement of the 2¼Cr-1Mo steel by the 2¼Cr-1Mo-¼V steel. Figure 2.1 shows that the 
fracture resistance of modern temper embrittlement resistant 2¼Cr-1Mo steel base plate and 
weld metal (yield strength = 510 to 550 MPa) decreases dramatically with increasing hydrogen 
concentration [69]. However, V-modified Cr-Mo steel of similar strength resists hydrogen 
                                                 
1 This chapter was published in Proceeding of the 2016 Hydrogen Conference, Material Performance in 
Hydrogen Environment, B.P. Somerday, and P. Sofronis, eds., pp. 71-80, 2017, Hosseini, Z. S., 
Dadfarnia, M., Nibur, K. A., Somerday, B. P., Gangloff, R. P., and Sofronis, P., “Trapping against 
Hydrogen Embrittlement,” Copyright ASME Press 2017. 
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embrittlement to at least KIH of 140 MPa√m, even for a total-dissolved hydrogen concentration 
above 9 wppm [70].  
In this chapter, we elucidate the role of VC precipitates in the hydrogen embrittlement 
resistance of V-modified steel. The first step is to understand the hydrogen re-partitioning among 
various traps during cooling from a high charging temperature to room temperature in the 
absence of external loading. To accomplish this, we first modify the hydrogen transport equation 
at constant temperature [18] to account for the temperature effect on the hydrogen re-partitioning 
among lattice and multiple trapping sites. Next, we study the effect of VC precipitates on the 
development of hydrogen populations upon loading at 25ºC. The idea is to understand how 
applied load interacts with hydrogen distributed in the crack tip fracture process zone, in the 
absence or presence of potentially beneficial trap states, and to ascertain the relationship of these 
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Figure 2.1. The effect of predissolved hydrogen concentration on the fracture resistance, KIH, 
of H2 precharged compact tension specimens of  2¼Cr-1Mo steel stressed in air at 23-25ºC. 
KIH is the stress intensity at the onset of subcritical crack growth under slow-rising 
displacement at dK/dt of 0.007 MPa√m/s. Different symbols represent experimental data 








2.2 Hydrogen transport in an elastoplastically deforming material under varying 
temperature 
Hydrogen atoms are considered to reside either at normal interstitial lattice sites (NILS) 
or trapping sites. The occupancy of the jth type of trap site, θT(j), is assumed to be always in 
equilibrium with the NILS occupancy, θL, according to Oriani’s theory [72] such that 
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  (2.1) 
where KT(j) is the equilibrium constant calculated in terms of the corresponding trap binding 
energy WB(j), R = 8.314 J/mol-K is the gas constant, and T is absolute temperature. The hydrogen 
concentration in trap type (j) is expressed as  
 ( ) ( ) ( ) ( )j j j jT T TC N    (2.2) 
where α(j) is the number of sites per trap type (j), and NT(j) is the corresponding trap density per 
unit volume. The hydrogen concentration in NILS, measured in hydrogen atoms per unit volume, 
can be phrased as  
 L L LC N    (2.3) 
where β is the number of NILS per solvent atom, NL = NA /VM represents the density of solvent 
atoms, NA is Avogadro’s number, and VM is the molar volume of the host lattice.  
Following Sofronis and McMeeking [73], we obtain the hydrogen transport equation for 
stress-driven diffusion accounting for the temperature effect on the equilibrium between trapping 
site and NILS concentrations as (see Appendix A for details) 
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where (),i = ∂()/∂xi, ∂/∂t is partial differentiation with respect to time, D is the hydrogen diffusion 
coefficient through lattice sites (NILS), VH is the partial molar volume of hydrogen in solution, 
p  is the effective plastic strain, ij  are the components of the Cauchy stress, and Deff  is an 
effective diffusion coefficient related to the lattice diffusion constant D through 
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the standard summation convention is assumed over a repeated subscript. As can be seen from 
Eq. (2.4), the distribution of hydrogen within a solid is influenced by the degree of the 
elastoplastic deformation of the material. The steel is considered to harden isotropically and obey 
von Mises yielding with an associated flow rule. For the coupling of the material deformation 
about the crack tip with the hydrogen transport, the approach presented by Sofronis and 
McMeeking [73] is followed. 
2.3 Hydrogen re-distribution upon cooling to room temperature and subsequent loading  
We simulated hydrogen re-partitioning among traps and lattice sites in 2¼Cr-1Mo and 
2¼Cr-1Mo-¼V steels during cooling (in the absence of any applied load) from high temperature 
at which charging took place to room temperature (25ºC).  Samples were assumed to be 
thermally charged at pressure P = 18 MPa and temperature T = 723 K with a uniform hydrogen 
concentration throughout.  Based on experimental measurements [70] of the total amount of 
hydrogen dissolved at this charging condition, we considered a total hydrogen concentration of 
4.5 and 9.5 wppm for the baseline Cr-Mo and V-modified steels, respectively.  The NILS 
hydrogen concentration at the charging condition is calculated through Sieverts law, 
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0 0.00185 exp ( / )LC f H RT   , to be 3.9 wppm, where ΔH = 28.6 kJ/mol is the heat of 
solution [1], f = P exp(Pb/RT) is fugacity [74], and b = 15.84 cm3/mol for H2. To calculate 
hydrogen re-partitioning upon cooling, Eq. (2.4) was solved using a domain with this initial 
hydrogen distribution in the absence of any applied loads (zero stress and strain); see Fig. 2.2. 
Because the thickness of the pressure vessel is large, 10-35 cm, we assumed close system 
condition that hydrogen does not escape from the simulation domain upon cooling, which is 
modeled through a zero flux boundary condition on the external boundary of the simulation 
domain. 
Based on the bainitic microstructure of 2¼Cr-1Mo steel [64,65],  we considered four 
hydrogen-trap states: prior austenite grain boundaries, lath interfaces, dislocations, and relatively 
large carbides, (Cr,Fe)7C3.  2¼Cr-1Mo also contains large (Cr,Fe)6C and (Cr,Fe)2C carbides, but 
the dominant carbide is (Cr,Fe)7C3.  Thermal desorption spectroscopy (TDS) measurements of 
the binding energy for (Cr,Fe)7C3 traps in 2¼Cr-1Mo steel are lacking. However, literature data 
for similar carbides in a Ni superalloys support a trap binding energy of 50 kJ/mol [75]. With this 
trap binding energy WB(C) = 50 kJ/mol, we calculated the corresponding trap density as 244.6 10  
sites/m from the fact that the total amount of hydrogen at the charging condition is 4.5 wppm. 
The material properties and characteristics of these trap states for 2¼Cr-1Mo are shown in Table 
2.1. The hydrogen trap site densities and WB(j) for carbides, grain boundaries, and lath boundaries 
are assumed to remain unchanged upon cooling.  However, during subsequent loading, the 
dislocation trap density increases. Assuming one hydrogen trap site per atomic plane threaded by 
a dislocation line [76,77], we obtain the dislocation trap density as a function of the dislocation 
density, ρ, and the Fe lattice parameter, a, by NT(D) = √2 ρ/a, where dislocation density is 
assumed to be proportional to plastic strain εp as reported in [78,79]. 
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For the bainitic 2¼Cr-1Mo-¼V steel, material properties were assumed to be the same as 
for the baseline 2¼Cr-1Mo (Table 2.1), with the only difference being the presence of nano-scale 
VC precipitate traps from aging at 600-700ºC [70,79]. VC traps are assumed to have a binding 
energy ( )VCBW   35 kJ/mol [67] and the corresponding trap density was calculated to be 
( ) ( )VC VC
TN   3.43×10
26 sites/m3 such that the total hydrogen concentration at the hydrogen 































Figure 2.2. Domain of analysis along with the boundary and initial conditions for the 
simulation of hydrogen re-partitioning during cooling down. The parameter 0 3.9 wppmLC   
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Table 2.1. Material properties of bainitic 2¼Cr-1Mo steel. 
 
Parameter Symbol  Value 
Young’s modulus (GPa)  E  200  
Yield stress (MPa) 0   550  
Poisson’s ratio    0.3 
Work hardening exponent n  0.04 
Molar volume of the host lattice(cm3/mol) VM 7.116  
Number of NILS per solvent atom β 1 
Partial molar volume of hydrogen (cm3/mol) VH 2 [1] 
Diffusion coefficient (m2/s) D 1.271×10-8 [1] 
Solubility at 300 K (mol H2 /m3√MPa) K 5.434×10-3 [1] 
Grain boundary trap binding energy (kJ/mol) WB(GB) 60 [1] 
Lath boundary trap binding energy (kJ/mol) WB(Lath) 38 [65] 
Dislocation trap binding energy (kJ/mol) WB(D) 20.2  [1] 
Carbide trap binding energy (kJ/mol) WB(C) 50 [75] 
Grain boundary trap site density (H sites/m3) α(GB) NT(GB) 1023 [1] 
Lath boundary trap site density (H sites/m3) α(Lath) NT(Lath) 5×1024 [65] 
Carbide trap site density (H sites/m3) α(C) NT(C) 4.6×1024 
Dislocation trap site density (no plastic deformation) α(D) NT(D) 4.93×1019 [78,79] 
















2.4 Role of VC precipitates in hydrogen re-distribution upon cooling 
The partitioning of hydrogen amongst the various trap states during cooling to room 
temperature is shown in Fig. 2.3.  The concentration of hydrogen in NILS is depleted in the V-
modified Cr-Mo steel (e.g., CL = 0.00167 wppm at 25ºC, Fig. 2.3c), but it is high in the baseline 
steel (CL = 2.45 wppm at 25ºC, Fig. 2.3a). The hydrogen concentrations at dislocations and grain 
boundaries at room temperature are on the order of 10-7 and 10-2 wppm, respectively, for baseline 
and V-modified steels, and do not change significantly during cooling. If hydrogen in NILS 
causes degradation, then the hydrogen embrittlement resistance of the V-modified steel should 
increase as NILS sites are depleted due to the strong trapping capability of the VC precipitates. 
Alternatively, the hydrogen concentration at lath boundary traps is lower for the V-modified steel 
in comparison to Cr-Mo steel at room temperature; see Figs. 2.3b and 2.3d. Lath boundaries are 
identified as the fracture path in Cr-Mo steel [64,65], suggesting that reduced hydrogen at lath 
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Figure 2.3. Hydrogen distribution among lattice and traps during cooling: (a) normalized 
hydrogen concentration at carbides, ( ) 0/CT LC C , and in NILS, 
0/L LC C   for  the 2¼Cr-1Mo 
steel; (b) normalized hydrogen concentration at lath boundaries, ( ) 0/LathT LC C  for the 2¼Cr-
1Mo steel; (c) normalized hydrogen concentration at carbides, ( ) 0/CT LC C ,  VC, 
( ) 0/VCT LC C , 
and in NILS for the 2¼Cr-1Mo-¼V steel; (d) normalized hydrogen concentration at lath 
boundaries, ( ) 0/LathT LC C  for the 2¼Cr-1Mo-¼V steel. At the charging condition, the total 
amount of hydrogen is Ctotal = 4.5 and 9.5 wppm respectively for the 2¼Cr-1Mo and the 




2.5 Effect of loading on re-partitioning of hydrogen amongst various traps and lattice sites 
Hydrogen re-partitioning in precharged and cooled 2¼Cr-1Mo and 2¼Cr-1Mo-¼V, due 
to loading at 25 ºC, was analyzed. To simulate the H population distribution in a compact tension 
C(T) specimen, we used finite element analysis to solve the coupled deformation and hydrogen 
transport problems, Eq.(2.4), under small scale yielding (SSY);see Fig. 2.4. We assumed plane 
strain and an initial crack tip opening displacement, b0, of 10 µm. The outer boundary of the SSY 
domain, located at a distance of L = 50 mm from the crack tip, was loaded by Irwin’s Mode I 
asymptotic displacements [80]. These displacements were applied incrementally to achieve a 
constant stress intensity rate, dKI /dt, of 10-4 MPa√m/s from the stress-free state to the final KI of 
40 MPa√m, which approximates the failure load for the baseline steel in Fig. 2.1. The calculated 
hydrogen distribution upon cooling to room temperature served as the initial conditions for the 
NILS and trap site hydrogen populations. The external surface and crack face were assumed 
impermeable to hydrogen loss, and hydrogen uptake during loading was not modeled. 
Figure 2.5 shows the hydrogen concentration profiles at lattice (NILS) and lath 
boundaries, along the axis of symmetry ahead of the crack tip at the end of loading (KI = 40 
MPa√m) for the baseline and V-modified steels. The hydrogen concentration in lattice sites in 
the 2¼Cr-1Mo-¼V specimen is about 3 orders of magnitude less than that in the 2¼Cr-1Mo 
C(T) specimen. In addition, hydrogen trapped at lath boundaries in the V-modified specimen 
exhibits a factor of 3 decrease in comparison to that in the baseline steel. These results indicate 
that VC precipitates are a critical feature of the steel microstructure, depleting the hydrogen 
concentration partitioned to lattice and all other trap states. In particular, note that VC 
precipitates markedly reduce the hydrogen population in lath boundaries, which as discussed in 
Section 2.4, serve as fracture initiation sites. Hence, VC precipitates are suggested to improve 
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embrittlement resistance. The basis for this improvement is that uniformly distributed nano-scale 
VC precipitates act as strong traps which attract hydrogen. A consequence of this analysis is the 
implication that addition of VC precipitates effectively shifts embrittlement susceptibility to 
higher initial levels of 0LC , as produced by either higher hydrogen pressure or higher temperature 
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Figure 2.4. (a) Schematic of a pre-charged compact tension specimen under load and (b) the 
domain of analysis, and the boundary and initial conditions, for the SSY simulation of 
hydrogen re-partitioning upon loading. The parameter 0LC  is the NILS hydrogen 





























Figure 2.5. Plot of hydrogen concentration vs. normalized distance, R/b, from the crack tip at KI 
= 40 MPa√m for 2¼Cr-1Mo and 2¼Cr-1Mo-¼V steels. (a) NILS hydrogen concentration, CL, 
and (b) hydrogen concentration at lath boundaries, CT(Lath). The calculated crack opening 




Two issues must be examined by future research: i) uncertain VC trap binding energy 
WB(VC) (and α(VC) NT(VC)) and ii) behavior of Cr-Mo-V steel in an open system which means 
hydrogen is always in equilibrium with the environment.  First, the predicted hydrogen 
concentrations in Figs. 2.3 and 2.5 are sensitive to WB(VC), which depends on Cr-Mo-V aging 
temperature and charging temperature [81], but these dependencies are not known.  The VC trap 
binding energy used in our modeling, 35 kJ/mol, was the measured activation energy for 
hydrogen desorption during TDS of martensitic Fe-1.5Mn-0.25C-0.30 V (wt pct) aged at 600ºC 
and hydrogen precharged at 25ºC [67].  However, desorption energy must be reduced by the 
energy of hydrogen migration in the lattice, about 10 kJ/mol [82], to yield an accurate WB(VC) of 
25 kJ/mol. Hydrogen permeation measurements at 25ºC with ferritic Fe-0.08C-0.19V (aged at 
600ºC) yielded WB(VC) of 17.5 kJ/mol [83], and TDS showed that binding energy is as low as 12 
kJ/mol for coherent (Cr,Mo)2C precipitates in steel precharged at 25ºC [82].  It is noted that these 
lower carbide binding energy values are not relevant to high temperature charging of Cr-Mo-V.  
In fact, the sensitivity of calculations with WB(VC) less than 35 kJ/mol gave unrealistically high 
VC trap density. 
Unique-strong hydrogen trapping occurs at VC precipitates when hydrogen is introduced 
at high temperatures, compared to lower WB(VC) trapping in Cr-Mo-V electrochemically 
precharged at 25ºC [84].  High temperature appears to provide sufficient activation energy for 
hydrogen to enter the bulk-VC lattice, with possible trapping at interface sites, as suggested by 
Pillot et al. [84] and detailed by Wei and Tsuzaki for TiC [81].  (The WB(TiC) for hydrogen trapped 
in the TiC lattice is 53 kJ/mol with a trap density of 7.1×1025 sites/m3 per 1 vol pct of TiC [81]).  
With such high WB(VC), hydrogen detrapping from intra-VC lattice sites is impeded at 
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temperatures below about 100ºC, consistent with measured-slow hydrogen outgassing (and very 
low Deff) for Cr-Mo-V [84].  In contrast, charging at 25ºC produces hydrogen trapping at VC 
interfaces, characterized by a lower WB(VC) (perhaps in the range of 18-25 kJ/mol) at 25ºC.  These 
considerations justify use of the high trap binding energy of 35 kJ/mol for hydrogen 
repartitioning during cooling and subsequent loading at ambient temperature. None-the-less, 
TDS measurements are required for Cr-Mo-V, H2 precharged at high temperature (400-500ºC), 
as well as aged at higher temperatures (~700ºC), relevant to petrochemical applications. 
Alternately, VC trap density must be determined by electron microscopy so WB(VC) can be 
calculated by matching measured initial hydrogen concentration in NILS 0LC  from high 
temperature H2 charging.   
Second, the present simulation of the benefit of VC trapping is relevant to hydrogen 
embrittlement under closed system boundary conditions [1]. In contrast, for an open system, one 
trap state does not affect the concentrations of hydrogen partitioned to other traps.  Under open 
system charging, VC precipitates should not reduce hydrogen concentration of NILS or lath 
interface trap site for Cr-Mo-V compared to Cr-Mo, as confirmed by calculations using the 
material properties discussed previously; see Table 2.1.2  It follows that VC precipitates will not 
affect KIH for slow-loading in H2 or aqueous hydrogen producing environments , or for 25ºC 
                                                 
2  We simulated open system exposure of Cr-Mo and Cr-Mo-V in high pressure (69 MPa) to approximate 
the hydrogen fugacity associated with charging in the acidic-H2S solution at 25ºC.  The result of hydrogen 
concentrations are:  (a) CL of 0.0105 wppm for Cr-Mo and Cr-Mo-V,  (b) CT(Lath) of 0.77 wppm for Cr-Mo 
and Cr-Mo-V, and (c) CT(VC) of 32.3 wppm for Cr-Mo-V.  Predicted total hydrogen concentrations of 1.8 
wppm and 34.1 wppm are well aligned with measurements of 1.9 wppm and 4.3 wppm [84] for Cr-Mo 
and Cr-Mo-V, respectively.  The predicted high CT(VC) is due to the high WB(VC) used in the simulation; as 
discussed, the binding energy for room temperature hydrogen trapping is likely in the range of 18-25 
kJ/mol rather than 35 kJ/mol.  
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charging followed by loading in air, since all trap states fill according to each WB(j).  This 
projected behavior is supported by experiments [84]; KIH from J-integral resistance curve 
measurements is very high for Cr-Mo-V precharged at high temperature with total hydrogen 
concentration of 7.5-9.5 wppm, consistent with the results that motivated the present modeling 
[70].  In contrast, KIH is among the lowest values measured for Cr-Mo-V precharged in acidic-
H2S solution at 25ºC (total hydrogen concentration of 4.3 wppm). Equally high embrittlement 
susceptibility is reported for 2¼Cr-1Mo steel (see Fig. 2.1).  This poor embrittlement resistance 
of Cr-Mo-V steel, precharged at room temperature, is attributed to equilibrium filling of lattice 
and lath interface trap sites, with no benefit of VC trapping.  The strong benefit of VC trapping 
of hydrogen is eliminated when 2¼Cr-1Mo-¼V is precharged at room temperature which 
precludes high WB(VC) hydrogen trapping. 
2.7 Conclusions 
We presented a mechanistic explanation for the better hydrogen embrittlement resistance of 
high temperature hydrogen precharged 2¼Cr-1Mo-¼V steel compared to 2¼Cr-1Mo steel.  First, 
we presented a model for hydrogen transport in an elastoplastically deforming solid that accounts 
for varying temperature, multiple trapping sites, stress, and plastic strain. Then we explored 
hydrogen re-partitioning, in a closed system, among the various trap states and lattice sites 
during cooling down from high charging temperature to room temperature in both steels. The 
results show that VC precipitates help deplete the lattice sites of hydrogen, while at the same 
time reduce the hydrogen concentration trapped at lath boundaries that serve as fracture initiation 
sites. As a result, the resistance of 2¼Cr-1Mo-¼V steel against hydrogen embrittlement is 
expected to increase. The loading effect on hydrogen redistribution ahead of a crack tip after 
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cooling was also explored by solving the coupled hydrogen diffusion and elastoplastic boundary 
value problems for the compact tension specimen. The results show that homogeneously 
distributed VC precipitates increase the resistance of 2¼Cr-1Mo-¼V in a closed-system 
condition by strongly gathering hydrogen from lattice sites and lath interface trap states; 
consistent with published experiments. This mechanism to mitigate hydrogen embrittlement is 
specific to high temperature hydrogen precharging that promotes a high trap binding energy for 


















MODELING OF FATIGUE CRACK GROWTH1 
 
3.1 Introduction 
In general, the various approaches to modeling fatigue crack propagation numerically can 
be categorized based on the corresponding methodology to advance the crack: i) nodal release 
approach, ii) cohesive zone methodology, and iii) magnitude of damage accumulation. In the 
first category, fatigue crack growth is modeled through finite element analysis by releasing the 
crack tip node such that the crack advances by the crack tip element size each time the node is 
released.  The nodal release technique for fatigue crack growth modeling was originally 
proposed by Newman [85] to investigate crack closure behavior in a center-cracked panel. In his 
work, Newman released a node at the maximum applied load in each fatigue cycle. Although 
mechanistically arbitrary, many researchers, e.g., [22,86–91], have used a similar approach and 
released nodes at different specific loading points, e.g. at the maximum or minimum applied 
load, or somewhere in between.  However, as the crack growth increment per cycle is dictated by 
the element size, crack growth rate cannot be predicted by this approach.  Nevertheless, the 
method has been used to study several aspects of crack closure in fatigue and to obtain a 
description of the plastic wake zone and crack tip opening displacement [22,87].  As an example, 
                                                 
1 This chapter was published in J. Mech. Phys. Solids, 121, pp. 341–362, 2018, Hosseini, Z. S., Dadfarnia, 
M., Somerday, B. P., Sofronis, P., and Ritchie, R. O., 2018, “On the Theoretical Modeling of Fatigue 
Crack Growth,” Copyright Elsevier 2018. 
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McClung and Sehitoglu [22] used nodal release approach to evaluate the plasticity induced crack 
closure behavior in a cracked specimen subjected to cyclic loading. They extended the crack by 
the crack tip element size and released the crack tip node at the peak load of each cycle. There 
have been also some attempts to advance the crack by the nodal release approach based on a 
specific criterion; for example, Newman [92] incorporated a critical strain criterion whereas 
Nakagaki and Atluri [93] used a critical stress criterion. 
In the second category, fatigue crack growth is simulated through use of a cohesive zone 
model in which the fracture process is assumed to occur in a thin region ahead of the crack tip; 
crack growth is considered as a consequence of continuous debonding along the cohesive zone.  
To investigate the debonding behavior, a constitutive law for the opening of the cohesive zone is 
required. Since the original cohesive zone model [94] was proposed for monotonic loading, it is 
necessary to develop specific cohesive zone models suitable for the loading and unloading 
response under cyclic loading. Despite this drawback, several studies have used a cohesive zone 
approach to model fatigue crack growth [95–101].  de-Andrés et al. [95] modeled fatigue crack 
growth through a linear unloading-reloading cohesive law without cyclic degradation of the 
stiffness.  Nguyen et al. [96] argued that such a model can result in plastic shakedown after a few 
cycles and therefore proposed a cohesive law for cyclic loading by considering the distinction 
between the loading and unloading paths.  They investigated the ability of their model to 
replicate experimental results of fatigue crack growth rate measured in an aluminum center-
cracked sheet sample.  Roe and Siegmund [97] introduced a damage variable in their proposed 
cohesive law to consider the degradation of the cohesive zone traction during cyclic loading. 
They investigated fatigue crack growth of interface cracks by considering the crack advance to 
result from the competition between material debonding and plastic deformation processes.  
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Following Roe and Siegmund [97], several researchers, e.g., [98–101], proposed a cohesive law 
described by damage evolution specifically to model fatigue crack growth.   
Although some researchers have used the cohesive zone methodology to model fatigue 
crack growth in metals such as aluminum [95,96,100], the methodology is mainly used in 
modeling fatigue along interfaces [97], in polymer materials [98], in single crystal superalloys 
[99], and in composite materials [101]. The idea is that the underlying principle in cohesive zone 
models is decohesion which is stress-controlled. However, fatigue crack growth in ductile 
materials is in essence plasticity-driven and so decohesion-based models are inconsistent with 
the fundamental mechanisms responsible for cyclic crack advance. In light of this, we believe 
that physical justification for the use of cohesive zone modeling of fatigue crack growth in 
ductile materials is lacking.  Moreover, additional calibrations are required to determine the 
parameters for cohesive zone models specific to cyclic loading. 
As noted above, damage accumulation criteria have also been used to model fatigue crack 
growth.  In this approach, incremental damage accumulation leads to fatigue crack advance when 
a critical amount of damage is reached ahead of the crack tip. Several researchers have proposed 
damage criteria based on fatigue ductility [102], plastic strain [103,104] or a measure of strain 
energy density at the crack tip [36,105–107].  As an example, Kujawski and Ellyin [106] 
proposed a damage accumulation criterion based on the product of the plastic strain range and 
stress range. They adopted Rice’s analytical solution [32] to determine stress and strain 
distributions ahead of the crack tip under cyclic loading and managed to get a good agreement 
with the experimental fatigue crack growth data [108] by adjusting the damage process-zone size 
which was a material parameter in their model.   
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One of the more promising models for the prediction of fatigue crack growth based on 
damage accumulation was proposed by Jiang and Feng [109].  These investigators adopted the 
damage criterion of Jiang [107], in which the damage parameter is considered to be proportional 
to the plastic work. To calculate the damage parameter, they used stress and strain distributions 
ahead of a stationary crack under a given cyclic loading obtained from finite element analysis 
with the use of the plasticity model suggested by Jiang and Sehitoglu [110].  The model of Jiang 
and Sehitoglu is a modified Armstrong-Frederick plasticity model that better addresses the 
ratcheting response under multiaxial loading conditions.  They assumed that the crack advances 
once the damage accumulation reaches a certain critical value and developed a relationship for 
the crack growth rate in terms of the damage per cycle ahead of the crack tip. They designated 
the final crack growth rate as the rate corresponding to the 10th cycle, as they found the 
calculated damage per cycle ahead of the crack tip stabilized after 10 cycles. 
We note that many of the models described above depend upon arbitrary assumptions of 
when the crack advances, or utilize failure criteria which are not necessarily supported by 
mechanistic and experimental studies. Therefore, we opted to follow an approach for calculating 
fatigue crack growth rate in ductile materials that does not require any specific criterion for crack 
advance. Our proposed approach is based solely on cyclic plasticity, akin to the earlier 
approaches of Gu and Ritchie [23] and Tvergaard [25], in ductile materials under mode I cyclic 
loading.  In our approach, as elaborated in Section 3.2, we first establish the stress and 
deformation fields a head of the crack tip under cyclic loading. Then we compute the rate of  
crack growth based on the mechanism of crack tip blunting on the loading cycle followed by 
resharpening on unloading, i.e., by ductile striation crack growth.  The method is demonstrated 
for a compact tension specimen under cyclic loading in Section 3.3.  It is noted that fatigue crack 
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growth can be affected by a multiple of additional mechanisms, the most important of which are 
the occurrence of void growth or micro-cracking (“static modes”) ahead of the crack tip at high 
crack growth rates and crack wedging resulting from crack closure mechanisms behind the crack 
tip, in particular at low, near-threshold, crack growth rates [111].  However, to elude complexity 
from considering these additional mechanisms, in the present work we only consider the crack 
propagation due to the plastic deformation including the effects of the associated (plasticity-
induced) crack closure upon unloading. 
It is noted that although the modeling of fatigue crack growth has received much 
attention over the years, a sound description of stress and strain fields ahead of a propagating 
fatigue crack by considering an appropriate constitutive law for cyclic loading has been lacking. 
A few attempts have been made to describe the stress and strain near a fatigue crack tip, but they 
are based on the fields near a stationary crack [86,88], or they utilize J2-plasticity theory to 
analyze large plastic deformation near a fatigue crack, e.g., [89,112], which may not be an 
appropriate material model for cyclic loading.  A unique aspect of the present approach is that 
we analyze the stress and strain fields near a propagating crack by incorporating a proper 
constitutive model for cycling loading. 
3.2  Model formulation 
In this section we present our approach to determining the steady-state condition which 
we will use to calculate the crack propagation rate for a given stress intensity range.  Along with 
our depiction of the process that we use to obtain the steady-state condition, we also present the 




3.2.1 Methodology for the calculation of crack propagation rate, da/dN  
To discern the plasticity-driven crack propagation rate, our method involves two principal 
steps: i) we find the steady-state condition for a propagating crack under a given magnitude of 
cyclic loading, and ii) with the material at the crack tip experiencing the steady-state stress and 
strain fields, we calculate the crack advance due to one cycle of load. We designate this advance 
as the crack growth rate under the given applied cyclic load. We obtain the steady-state condition 
for a growing fatigue crack through finite element analysis using the nodal release technique. 
Once the steady-state condition is reached, we stop releasing the nodes and we apply one 
additional load cycle to calculate the crack growth rate.  Here we would like to emphasize that 
continued cycling loading beyond the steady-state condition (without nodal release) would lead 
to continuous and unrealistic plastic strain accumulation, as elaborated in Appendix B for the 
stationary crack.  Cognizant of this fact, we determine the crack growth rate through only one 
additional cycle imposed on the steady state (with no nodal release).  By doing so, we believe 
that we model the blunting and re-sharpening mechanism of growth in the most realistic way 
within the framework of our model, whereby the material ahead of the crack tip experiencing the 
additional cycle is not sent back to the crack flanks as is the case in real world situations.  In 
other words, we consider that the additional cycle on the top of the steady-state condition 
simulates, in an approximate and physical way, the steady-state process of blunting and re-
sharpening of the crack tip, namely the very mechanism of crack advance.  Below, we describe 
our specific approach to obtaining the steady-state condition.  
3.2.2 The steady-state condition for a propagating crack under cyclic loading 
For a pre-crack in a test specimen subjected to cyclic loading, the crack can start growing 
and eventually reach a constant crack growth rate.  This constant crack growth rate represents the 
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“steady-state condition” whereby the stress and deformation fields around the crack tip under a 
given state of loading, e.g., at peak loading, do not change as the crack advances.  Note that 
while these crack tip fields change as the load increases or decreases, when the applied load 
reaches the same state in terms of value and direction of loading, the crack tip fields will be the 
same as the crack advances.  
In the present work, we use the nodal release technique to advance the crack with the use 
of an appropriate nodal release criterion until the steady-state condition is reached.  The nodal 
release criterion is based on the accumulated plastic work as we will elaborate in the next 
subsection.  We note that the steady-state condition for the stress and strain fields that we obtain 
numerically should be independent of the element size and the nodal release criterion.  We would 
also like to note that continued application of cyclic loading to a stationary crack leads to 
continued plastic straining (Appendix B). 
3.2.3 Criterion for nodal release  
The notion of crack extension on the basis of accumulated plastic work has been used by 
several researchers to model fatigue crack growth [32–34,109].  Here we consider a similar 
criterion and advance the crack numerically by nodal release once the accumulated plastic work 
density at the crack tip element reaches a critical value.  The accumulated plastic work density at 
the crack tip element crack tip W
p  can be calculated through 
 crack tip 
1




   , (3.1) 
where ij  and 
p
ijD  are respectively the components of the Cauchy stress and plastic deformation 
rate tensors, A is the crack tip element area, and t is the time. It should be noted that the 
accumulated plastic work density at the crack tip element is just a representation of the plastic 
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work that is dissipated at the crack tip.  As we will elaborate in Section 3.4, we found that one 
can obtain the same steady-state condition even if all the elements in the plastic zone, or a row of 
elements ahead of the crack tip, are used to represent the crack tip plastic dissipation in the 
criterion for the nodal release. 
When the accumulated plastic work density at the crack tip element reaches a critical 
value 0D , the crack tip node is released.  Figure 3.1 shows a schematic of the nodal release 
method in which the crack tip node, point A, is released when the criterion is met.  During the 
nodal release process, the applied external load is kept constant while the nodal force on the 
crack tip node is brought to zero.  Once the crack tip node is released, the crack advances by one 
element and a new crack tip node is established (point B).  The process is continued with change 
in load and concurrent monitoring of the accumulated plastic work at the new crack tip element 
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Figure 3.1. Schematic of the numerical crack advance method by nodal release when the 











3.2.4 Constitutive law for cyclic plasticity 
Most metals subjected to cyclic loading exhibit either cyclic hardening or cyclic softening 
with subsequent material stabilization after a certain number of cycles [113,114]. This can be 
interpreted as the reaching of a stabilized yield surface after a certain number of cycles. Another 
cyclic loading feature is ratcheting under cyclic loadings with nonzero mean stress. An 
appropriate constitutive model for cyclic loading should allow for the prediction of both cyclic 
hardening/softening and ratcheting responses.  
The stabilization of the yield surface with cyclic loading can be modeled by adding an 
isotropic hardening component to the flow stress. Further, it has been shown that material models 
formulated with kinematic hardening rules exhibit ratcheting behavior [115].  One of the most 
prominent nonlinear kinematic hardening models was developed by Armstrong and Frederick 
[116].  Subsequent to the work of Armstrong and Frederick, several models were proposed based 
on their approach to improve the ratcheting prediction under different cyclic loading conditions, 
e.g. [117–120].  Notable among these revised approaches is that of Chaboche [119]. In this work, 
we use the Chaboche constitutive model [119] as it is arguably the most comprehensive model 
which is capable of capturing many prominent features induced by cyclic loading, such as plastic 
shakedown, ratcheting, and the relaxation of the mean stress.  In the following discussion, we 
briefly present a general formulation of the Chaboche material model. 
The deformation rate tensor D is decomposed into the elastic eD  and plastic pD  
deformation rate tensors as 
 e pD D D  . (3.2) 
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where 

σ  is the Jaumann derivative of the Cauchy stress tensor σ , eC  is the fourth-order 
elasticity tensor, G and   are respectively the shear modulus and the Poisson’s ratio, / 3J δδ , 
δ  is the second-order identity tensor whose components ij  are the Kronecker delta,  K I J , 
and I is the symmetric fourth-order identity tensor.  Then the elastic component of the 











D σ δ . (3.4) 
Isotropic yielding is described by 
 0( , , ) 0ef R R    σ α , (3.5) 
where e  is the effective stress expressed as 
 (3 / 2)( ) : ( )e     σ α σ α  , (3.6) 
 σ  is the deviatoric stress tensor such that / 3ij ij kk ij      , α  is the back stress tensor, 0  is 
the yield stress, R describes either isotropic hardening if positive or isotropic softening if 
negative, : ij ijA BA B  where A and B are second order tensors, and the standard summation 
convention is implied over a repeated index unless is specified otherwise.  The back-stress tensor 
is composed of three parts, 1 2 3  α α α α , with the time evolution of each part given by 
 
2
,          1,2,3
3
p p
i i i iC i 

  α D α   (no summation over i)  (3.7) 
where iC  and i  are material constants and  
 2 : / 3p p p  D D   (3.8) 
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is the effective plastic strain rate.  The normality and the associated flow rule lead to  
 p pD N , (3.9) 
in which N is the normal to the yield surface, i.e., 
 
( , , ) 3
2 e
f R  
 
 
σ α σ α
N
σ
.  (3.10) 
Lastly, the time evolution of the isotropic hardening variable R is stated as 
 ( ) pR h Q R    ,  (3.11) 
where h and Q are material constants.  The parameter R increases monotonically with plastic 
strain and levels to the value of Q.  In summary, the Chaboche material model for cyclic 
plasticity that we adopted involves nine parameters: 1C , 2C , 3C , 1 , 2 , 3 , Q, h, and 0 .  
Specific attention should be drawn to the parameter 3 .  If it is zero, the model can be used to 
capture plastic shakedown in a stress-controlled test, whereas if it is not zero the model can 
describe ratcheting at a constant plastic strain rate. We note that finding these parameters 
requires a sequence of uniaxial strain-controlled cyclic plasticity experiments as well as 
ratcheting tests, as elaborated in chapter 6. 
3.3 Numerical implementation 
We present the application of our model for the prediction of crack growth rates in a 
cyclically-loaded compact-tension C(T) specimen.  In our calculations, the width and height of 
the specimen are W = 26.6 mm and 2H = 1.25W, respectively; the C(T) specimen has an initially 
sharp crack with an initial length 0a  = 7.1 mm.  The geometry and all dimensions of the C(T) 
specimen are shown in Fig. 3.2.  We carry the calculations under plane strain.  Due to symmetry 
in loading and geometry, we analyze only the upper half of the specimen; on the symmetry line 
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ahead of the crack tip, a symmetry boundary condition is imposed and the crack face is traction 
free if closure has not taken place.  The specimen is loaded by incrementally changing a force 
applied as a distributed load along the load line (see Fig. 3.3a).  The stress intensity factor is 





   (3.12) 
where W is the width of the specimen, a represents the crack length measured from the load line 
with a = 0a  = 7.1 mm in the undeformed state, and f is the geometry function for the C(T) 
sample, which is a function of the crack length to width ratio, /a W , given by 
 2 3 4
3/2
(2 )
( ) 0.886 4.64( ) 13.32( ) 14.72( ) 5.6( )
(1 )
a
a a a a aWf
aW W W W W
W
        
 . (3.13) 
In the simulations, we considered the possibility of crack closure4. Crack closure 
[122,123] is an important phenomenon in the propagation of fatigue cracks as it results in contact 
between the crack surfaces in the wake of the crack tip, and as such acts to “shield” the crack 
from the applied driving force, i.e., the local stress intensities actually experienced at the crack 
tip are smaller than those associated with the applied load [111].  Here we consider crack closure 
generated solely from the presence of cyclic plasticity – this is termed plasticity-induced crack 
closure.  The implementation of such closure in our simulations was performed as follows:  
                                                 
4 Note that there are other, more potent, forms of crack closure that originate at low, near-threshold, stress 
intensities associated with wedging between crack surfaces; these mechanisms become active as the 
CTOD becomes comparable with the thickness of the entity that is wedging the crack, i.e., at low K 
levels.  The most ubiquitous form of wedging arises from fracture surface asperities (roughness-induced 
closure), but closure can also arise from the formation of oxide layers or other corrosion deposits created 
inside the crack (oxide-induced crack closure) [111]. These latter closure mechanisms are not considered 
in this work which is solely focused on plasticity-driven fatigue crack growth.   
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1. For a given crack length, the solution to the boundary value problem of cyclic elasto-
plasticity was carried out by incrementally changing the applied force F:  knowing the stress 
and strain fields at time nt , we obtain the solution at time 1nt  .  During unloading (ΔF < 0), 
we check the coordinates of all nodes on the crack face at time 1nt   for possible crack 
closure.  Crack closure occurs if a node has crossed the symmetry line, and the node is 
therefore designated as a closure node.  In that case, the procedure for the solution at time 
1nt   is repeated with the corresponding zero traction condition replaced with a zero-
displacement condition at the closure node. 
2. When the loading direction is reversed from unloading to loading, if there has been crack 
surface contact, i.e., closure during the previous unloading, we monitor the force on the 
closure nodes.  Since the contact nodes are under compression, change of the nodal force at 
any contact/closure node from compression to tension during the incremental solution 
process indicates the end of contact for that node.  We repeat the solution process for the last 
time step (end of contact) with the zero displacement boundary condition changed to zero-











































                   
                      
                                        













Figure 3.3. The finite element mesh for fatigue crack growth modeling in the C(T) 
specimen: (a) overall discretization of the domain, (b) near tip mesh layout, (c) near crack tip 








Figure 3.3 shows the finite element mesh we used to discretize the C(T) specimen.  To 
capture the severity of the plastic deformation near the crack tip, the mesh was refined with a 
uniform element size around the crack tip, as shown in Figs. 3b,c.  We solved the finite-strain 
elastic-plastic boundary value problem using standard finite element formulation [124]. We 
assumed homogeneous material with the Chaboche constitutive law presented in Section 3.2. 
The constitutive equations were integrated as described in detail in Appendix D.  In order to 
minimize numerical error due to severe mesh distortion upon loading and unloading as the crack 
advances, the mesh layout ahead of the crack tip was continuously adjusted if severely strained.  
The re-meshing procedure was performed when the accumulated plastic strain from the last re-
meshing reached a critical value, which we considered as 0.4.  When the re-meshing condition 
was met, a new mesh was generated and the stress and strain fields as well as state variables at 
the new integration points of each element were calculated from projection of those values from 
the distorted mesh [25].  The procedure for re-meshing is elaborated in Appendix C.  
We carried out simulations with a model material whose constitutive response was 


















Table 3.1. Model material parameters and the values assigned to them in this study. 
Parameter Symbol    Value 
Young’s modulus   E    200 GPa 
Initial yield stress  0     430 MPa 
Poisson’s ratio      0.3 
Fatigue ductility coefficient in Coffin-Manson model f      0.38 [125] 
Fatigue ductility exponent in Coffin-Manson model  c − 0.56 [125] 




























3 10  MPa  [119]
8 10  MPa  [119]
1.6 10  MPa  [119]
10    [119] 





Material constants for the evolution of isotropic 







    











3.3.1 Critical plastic dissipation for nodal release 
The critical plastic dissipation in the nodal release criterion can be estimated utilizing the 
well-known Coffin-Manson cumulative damage model [38,39] damage model. The Coffin-
Manson model provides the fatigue life fN  of an un-notched specimen under uniaxial 
tension/compression plastic strain loading as a function of the plastic strain amplitude / 2p . 
This model is expressed as 





   , (3.14) 
where f   and c are the fatigue ductility coefficient and the fatigue ductility exponent, 
respectively.  With a knowledge of these constants, for a given plastic strain amplitude, the 
number of cycles to failure can be simply calculated from Eq. (3.14).  The plastic work density 
accumulated per cycle W pcycle  can be obtained through 
 W p pcycle ij ij
cycle
d   . (3.15) 
Under the assumption that the W pcycle  is constant for each cycle up to failure, the total plastic 
work density accumulation till failure under an applied plastic strain amplitude / 2p  is given 
by 
 W ( / 2) W ( / 2) ( / 2)p p p p pfailure cycle fN       . (3.16) 
For our model material, we carried out uniaxial strain-controlled cyclic simulations with plastic 
strain amplitudes varying from 0.1% to 20% to obtain the plastic work density W pcycle .  With the 
use of Eq. (3.16), the results for W pfailure  are plotted in Fig. 3.4 which shows that as the plastic 





failure    decreases to an asymptotic value 
*
0 0 0/D    = 1300, for plastic strain amplitudes 
greater than about 15%.  It is noted that the plastic strain amplitude at a crack tip during cyclic 
loading is much greater than 15%.  Hence, *0D  can be considered as an estimate of the critical 
value for the plastic dissipation to release a node.  In our simulations with the C(T) specimen, we 
chose *0 04D D  for the critical plastic dissipation parameter.  As we elaborate in Section 4, 
parametric studies show that in order for a “reasonable” steady-state condition to be reached, the 
critical plastic dissipation 0D  should be about 3 to 5 times the plastic dissipation 
*
0D  obtained 
from the uniaxial strain-controlled simulation and the Coffin-Manson model.5  We note that a 
“reasonable” approach to steady-state is one in which nodal release takes place such that the 
plastic accumulation at the crack tip is neither too excessive (too large a 0D ), which may lead to 
the shakedown situation that we discussed for the stationary crack, or too small in which case the 
resulting steady-state depends on the element size and the number of times nodes are released 
within a cycle of loading that is very large (too small a 0D ). 
 
                                                 
5 It is worth noting that the critical plastic accumulation obtained from a macroscopic experiment in 
uniaxial tension is compared with the plastic accommodation locally at the crack tip.  This is done under 
the premise that that the local crack tip response is similar to macroscopic response.  This may not be an 
unrealistic assumption due to the fact that the stress and strain fields in the Coffin-Manson test sample are 
uniform throughout and they essentially represent the plastic accommodation density.  On the other hand, 
the number of cycles to failure determined through a Coffin-Manson test sample reflects the nature of the 
uniaxial stress field whose triaxiality is low in comparison to the levels at the crack tip. Although it is 
generally considered that such stress-state effects are relatively small in fatigue, nonetheless the number 
of cycles to failure that we used in Eq. (3.16) may need to be reconsidered.  Perhaps the fact that we need 
to use in our simulations a critical plastic dissipation larger than the one provided by the Coffin-Manson 




























Figure 3.4. Normalized accumulated plastic work density at failure, 0 0W /
p
failure   , in a cyclic 
uniaxial strain-controlled test as a function of the plastic strain amplitude, / 2p .  The 
dashed line shows the asymptotic value.  The yield stress is 0  = 430 MPa and the yield 
strain 30 0 / 2.15 10E 














3.3.2 Numerical Results 
We present numerical results for the C(T) specimen by cycling the applied force F such 
that ΔK = 20 MPam with a load ratio (ratio of minimum to maximum loads) of zero, i.e., for 
zero-to-tension cycling.  Monotonic loading to the maximum stress intensity factor Kmax = 20 
MPam generates a maximum plastic zone of size pr  = 
2
max 0(1 / 3π)( / )K   = 0.23 mm with a 
corresponding crack tip opening displacement (CTOD) CTOD  = 
2 2
max 00.55( (1 ) / )K E   = 2.33 
µm.  The finite element mesh shown in Fig. 3.3, with element size 0.12 µm for the near crack tip 
elements, clearly resolves the CTOD at peak loading with about 20 element sides per CTOD . As 
mentioned before, in order to minimize numerical error due to severe mesh distortion, re-
meshing was performed when the accumulated plastic strain from the last re-meshing reaches the 
critical value of 0.4. With this critical value, re-meshing was performed usually a couple of times 
within each cycle, both during the cycles with nodal release and during the last cycle without 
nodal release. Below we provide results for the establishment of the “steady-stress” condition 
which enables our determination of the fatigue crack growth rates. 
3.3.2.1 Steady-state crack growth 
The steady-state crack growth condition in the C(T) specimen under cyclic loading was 
obtained using the nodal release technique.  As we noted, whenever the accumulated plastic 
work density at the crack tip element reaches the critical value 0D , the crack tip node is released.  
Figure 3.5 shows the initial five loading cycles in which the superposed dots represent the time 
within the cycles at which the crack tip node is released.  For the assumed critical plastic 
dissipation parameter and loading range, one node is released almost at every cycle until the 
















Figure 3.5. Schematic of the nodal release scheme relative to the loading cycle for the first 5 
cycles in the C(T) specimen. The parameter IK  is the applied stress intensity factor and N 













The crack profiles at various high and low peak loads toward steady-state are shown in 
Fig. 3.6.  When the load is applied in the first cycle, the crack tip moves toward the load line, i.e., 
to the left in the configuration of Fig. 3.6a, whereas upon unloading, the crack tip moves away 
from the load line, i.e., to the right in Fig. 3.6b.  The same trend is observed for other cycles, as 
shown for example, for the 10th cycle in Figs. 3.6c,d, the 20th cycle in Figs. 6e,f, and so on.  
Movement of the crack tip during loading and unloading is caused by the Poisson’s effect; the 
real shifting of the crack tip between two cycles can be appreciated by comparing crack tip 
locations, for example, at high or low peak cycles.  Note that we observed the presence of crack 
closure at the tip even at the end of the first cycle.  The cyclic loading is continued until a steady-
state condition ahead of the crack tip is obtained; this is declared when the opening stress and 
plastic strain ahead of the crack tip at peak loading remains the same for several cycles while the 
crack advances. Figure 3.7 shows the normalized opening stress 0/yy   and effective plastic 
strain p  as a function of the normalized distance /r b  from the crack tip along the axis of 
symmetry for various load cycles.  The parameter b denotes the CTOD defined by the 90º 
intersection method at the high peak loading for each cycle, which varies till the fields reach the 
steady-state. The CTOD at the high peak loadings for cycles N = 1, 40, 80, and 100 with Kmin = 0 
and Kmax = 20 MPam are b = 1.5, 0.8, 0.7, and 0.7 µm, respectively. As shown in Fig. 3.7, the 
normalized opening stress and plastic strain ahead of the crack tip for cycles N = 80 and 100 are 
the same with b = 0.7 µm for both cases. Therefore, we would conclude that the steady-state 
condition is reached at cycle 80.  
The steady-state stress and plastic strain in the C(T) specimen subjected to cyclic loading 
with ΔK = 20 MPam at a load ratio of zero is replotted in Fig. 3.8.  As observed in Fig. 3.8a, the 
maximum opening stress ahead of the crack tip occurs at a distance about r = 1.2b from the tip.  
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The insets in Figs. 3.8a,b show that the profiles of the opening stress and plastic strain have 
sections over which they vary as ln(1/ )r  with distance r from the crack tip. It is interesting that 
such a plastic strain distribution is comparable to that obtained by Rice et al. [126], Drugan et al. 
[127], and Dean and Hutchinson [128] for the non-stationary crack in an elastic perfectly plastic 
solid6 [129,130]. For the plastic strain, this relationship holds for 20b r b   where 20b is 
approximately the plastic-zone size ahead of the crack tip.  However, the ln(1/ )r  variation of the 
opening stress ahead of the crack tip in the current solution for a fatigue crack is dominant over a 
shorter region.  The deviation can be attributed to the fact that stress should match the elastic far-





                                                 
6 Reviewing the work on the nature of the singularity in the near crack tip solution, the works of Rice and 
Hutchison stand out. As discussed by Rice [129,130], the dominant strain singularity for a growing crack 
in an elastic perfectly plastic solid is ln(1/r), unlike the approximately 1/r singularity for a stationary 
crack in a nonlinear elastic solid. Rice and his coworkers [126,127] presented an analytical solution near 
the tip of an advancing crack in an elastic perfectly plastic material under plane-strain mode I and small-
scale yielding conditions.  Their analysis was for general quasi-static crack growth and not specific to the 
steady-state. The asymptotic solutions provided by Rice et al. [126] and Drugan et al. [127] showed a 
ln(1/r) singularity for the plastic strain field. Dean and Hutchinson [128], through finite element 
simulations of steady-state crack propagation in an elastic perfectly plastic material under small-scale 
yielding conditions for plane-strain mode I or mode III loading, also found the crack tip dominant 
singularity for the strain fields to be ln(1/r).  Our present simulations of crack propagation under cyclic 
loading also reveal steady-state strain solutions that exhibit an ln(1/r) character, similar to the case of a 





















High peak low peak
 
Figure 3.6. Crack tip profiles in the C(T) specimen for cycles N = 1, 10, 20, 40, and 80: (a), (c), 
(e), (g), and (i) at high peak when Kmax = 20 MPam, and (b), (d), (f), (h), and (j) at low peak 
when Kmin = 0.  The arrows indicate the crack tip location for each case and the dashed lines the 


































Figure 3.7. Comparison of (a) normalized opening stress, 0/yy  , and (b) effective plastic 
strain, p , ahead of the crack tip at peak loading for cycles N = 1, 40, 80, and 100 under 
cycling loading and Kmin = 0 to Kmax = 20 MPam.  The parameters r denotes the distance 
from the crack tip and b is the crack tip opening displacement at the high peak of the 
corresponding cycle.  The parameter b for cycles N = 1, 40, 80, and 100 is 1.5, 0.8, 0.7, and 
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Figure 3.8. Plot of (a) the steady-state normalized opening stress, 0/yy  , and (b) the 
steady-state effective plastic strain, p , at peak loading versus the normalized distance from 
the crack tip, /r b , under cyclic loading with Kmax = 20 MPam and Kmin = 0.  The parameter 
0  = 430 MPa is the initial yield stress and b = 0.7 µm is the crack tip opening displacement 





3.3.2.2 Crack propagation rate at steady-state 
Having obtained the steady-state condition for fatigue crack growth, we determine the 
crack growth rate by applying one additional load cycle while the nodal release is turned off.  We 
note that similar to the case before reaching the steady-state, crack closure was observed at the 
crack tip at the end of this additional load cycle. We calculate the corresponding crack growth by 
comparing the locations of the crack tip at the low peaks, i.e., at the beginning and the end of the 
cycle.  Thus, for the growth rate for the cycle with ΔK = 20 MPam at a load ratio of zero, we 
calculate da/dN = 0.05 µm/cycle.  We use the same approach of the determination of the steady-
state first to calculate the crack growth rate for various stress-intensity ranges at zero load ratio.  
Figure 3.9 shows the da/dN results plotted as a function of ΔK.  As expected, the data exhibit 
Paris law behavior in the form of da/dN = C(ΔK)m where the scaling constants are determined to 
be m = 3.13 and C = 94.17 10  mm/cycle/MPa m.  A Paris exponent of m ~ 3 is typical of most 

































Figure 3.9. Plot of crack growth rate, da/dN, in a C(T) specimen as a function of the stress 
intensity factor range, ΔK, for cyclic loading with zero minimum stress-intensity factor, Kmin 
= 0, and max10 20K   MPam (i.e., at a zero load ratio). The results display Paris law 











We have presented a finite element methodology to calculate the plasticity-driven fatigue 
crack propagation rate under cyclic loading.  Without introducing any specific failure criterion 
for crack propagation, our approach involves obtaining the steady-state condition for crack 
propagation under a given cyclic load through a nodal release technique.  Once the steady-state 
condition is obtained the crack growth rate, da/dN, is calculated through an additionally imposed 
load cycle during which nodal release is suppressed.   
To determine the steady-state condition, the crack tip nodes are released when a measure 
of the accumulated plastic work at the crack tip reaches a critical value, namely when p pcrW W , 
where pW  so far in the calculations has been identified with the plastic dissipation density at the 
crack tip element, and pcrW  is the corresponding critical dissipation that was identified with the 
parameter 0D  - a case that we term the crack-tip element criterion.  In this section, we present 
parametric studies revealing i) the independence of the predicted crack growth rate, da/dN, from 
the way pW  is calculated, ii) the degree to which da/dN is sensitive to the critical magnitude of 
the plastic dissipation, pcrW , and iii) the independence of da/dN from the element size.   
3.4.1 Steady-state independence from the way the plastic dissipation pW  is calculated 
To explore the independence of the obtained steady-state from the way the plastic 
dissipation pW  is calculated with our nodal release criterion, we carried out calculations by 
considering pW  to be the dissipation: (a) along the entire row of elements along the symmetry 
line ahead of the crack tip – the row of elements criterion, and (b) from the entire plastic zone 
ahead of the crack tip – the plastic-zone criterion.  As before, the calculations were carried out 
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under cyclic loading with Kmin = 0 and Kmax = 20 MPam. Since a larger number of elements is 
now involved in the calculation process, it was required that we adjust the critical plastic 
dissipation pcrW  accordingly for both cases (a) and (b). For the case of plastic dissipation along 
the row of elements, case (a), we were able to obtain an identical result to that achieved using the 
crack-tip element criterion in Fig. 3.9 by choosing 05
p
crW D A  as the critical plastic dissipation 
parameter, where 0D  is the critical value corresponding to the crack-tip element criterion and A 
is the crack tip element area. 
Figure 3.10 shows the steady-state condition ahead of the crack tip at peak load, Kmax = 
20 MPam, using the nodal release based on accumulated plastic work in the row of elements 
ahead of the crack tip with 05D A  as the critical parameter.  The steady-state results 
corresponding to nodal release criterion of the accumulated plastic work at the crack tip element 
reaching 0D A  are also superposed on the figure.  The similarity between the results from the 
crack-tip element criterion and the row of elements criterion confirms that, as discussed above, 
the criterion for nodal release is only a representative way of accounting for the plastic process 
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Figure 3.10. Comparison of the steady-state conditions under cyclic loading with Kmax = 20 
MPam and Kmin = 0 obtained based on accumulated plastic work at the crack tip element 
(dots) or over the row of elements ahead of the crack tip (solid lines): (a) Normalized steady-
state opening stress, 0/yy  , and (b) steady-state effective plastic strain 
p along the 
symmetry line ahead of the crack tip at the peak loading plotted against the normalized 
distance, /r b , from the current crack tip.  The yield stress is 0  = 430 MPa and the crack tip 




3.4.2  Sensitivity of the steady-state on the critical value of the plastic dissipation pcrW  
In order to obtain the steady-state condition, we considered a criterion for nodal release 
based on the accumulated plastic work density at the crack tip element reaching a critical value.  
We used the Coffin-Manson model to obtain an estimate for the critical value *0 0 01300D     
for the failure of material under uniaxial tension and presented numerical results for the steady-
state and fatigue crack growth rate (Fig. 3.9) with the critical value for the plastic dissipation 
density *0 04D D  for nodal release. 
We performed a parametric study on the critical value 0D  to evaluate the sensitivity of 
the predicted plasticity-driven crack propagation rate.  The calculated crack growth rates are 
shown in Fig. 3.11 for various normalized critical plastic dissipation values for nodal release.  
The figure shows that a smaller critical value results in a greater crack growth rate.  It is 
important to realize that when the critical value is small, e.g., when *0 03D D , the nodal release 
criterion is frequently met.  For example, about 4 nodes were released in a load cycle when 
*
0 0D D .  Consequently, a small critical value does not allow enough development of plasticity 
ahead of the crack tip and the resulting steady-state condition is dominated by the numerical 
details of the nodal release technique.  On the other hand, if the chosen critical value is too large, 
e.g., *0 05D D , the nodal release criterion is rarely met within a single loading cycle and 
excessive amount of plasticity develops ahead of the crack tip.  Our parametric studies on an 
optimum critical value for nodal release indicate that with * *0 0 03 5D D D   nodes are released at 
a rate one per cycle.  
Lastly, we investigated the sensitivity of the predicted crack propagation rate to the 
critical plastic dissipation magnitude, 0D , by calculating the steady-state rate also for the stress-
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and *06D  under ΔK = 12.5 and 20 MPam at zero load ratio are shown in Fig. 3.12.  One may 
conclude that the variation of the crack growth rate with increasing 0D  is the same for both ΔK = 
12.5 and 20 MPam.  We also observe that the crack growth rate values tend to converge as 0D  
gets larger than *04D .  Given that the calculations of the crack propagation rate throughout this 
work were carried out based on the assumption that *0 04D D , we may deem the model 
predictions as only weakly dependent on the choice of 0D  when 
* *

































Figure 3.11. Dependence of the fatigue crack propagation rate on the normalized critical 
value *0 0/D D  for nodal release under cyclic loading with Kmax = 20 MPam and Kmin = 0.  
The normalizing parameter *0 0 01300D    is the plastic dissipation density in a uniaxial 
strain-controlled test obtained from the Coffin-Manson model for plastic strain amplitudes 
greater than 15%, 0  = 430 MPa is the yield stress and 
3
0 0 / 2.15 10E 
    is the yield 






































Figure 3.12. Crack growth rate sensitivity to the critical plastic dissipation, 0D , under cyclic 












3.4.3 Mesh sensitivity 
In order to investigate the effect of mesh density on the steady-state condition, we 
performed a mesh sensitivity study by comparing the results obtained with element sizes of 0.12, 
0.18, 0.24, and 0.3 µm close to the crack tip under cyclic loading with ΔK = 20 MPam at zero 
load ratio.  It is noted that with element sizes of 0.12, 0.18, 0.24, and 0.3 µm, the CTOD under 
monotonic loading up to the maximum load (i.e., CTOD  = 
2 2
max 00.55( (1 ) / )K E   = 2.33 µm) is 
resolved with about 20, 13, 10, and 8 elements, respectively.  The opening stress and plastic 
strain ahead of the crack tip are shown in Fig. 3.13 for various element sizes at the peak load, 
Kmax = 20 MPam, and after the steady-state condition was reached.  The results display 
convergence to the steady-state as the element size decreases. 
Using the established steady-state condition, we determined the crack growth rates 
corresponding to Kmax = 20 MPam for each element size by applying one additional load cycle 
while the nodal release was turned off.  The approach was repeated for additional stress intensity 
ranges with Kmax = 12.5 MPam at zero load ratio.  Figure 3.14 shows the corresponding crack 
growth rate results for various element sizes.  The results indicate that the obtained crack growth 
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Figure 3.13.  Effect of mesh size on the steady-state condition: (a) normalized steady-state 
opening stress, 0/yy  , and (b) steady-state effective plastic strain, 
p , along the axis of 
symmetry ahead of the crack tip at peak load under cyclic loading with Kmax = 20 MPam 
and Kmin = 0.  The results are plotted against the normalized distance from the current crack 
tip, /r b , where b = 0.7 µm is the crack tip opening displacement.  The parameter CTOD  is 
the crack tip opening displacement under monotonic loading, i.e., 
2 2
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Figure 3.14. Calculated fatigue crack growth rate, da/dN, for a compact-tension specimen of 
a model steel under cyclic loading with K = 12.5 and 20 MPam with various element 
sizes. The parameter CTOD  (= 
2 2
max 00.55( (1 ) / )K E   = 2.3 µm) is the crack tip opening 











3.5 Summary and Conclusions 
We are proposing a numerical methodology for calculating the plasticity-driven fatigue 
crack growth rate in ductile materials.  The features of our approach are summarized as 
follows: 
(i) The steady-state crack growth rate da/dN is calculated by considering the change in the 
location of the crack tip during a single load cycle. Significantly, this calculation of the 
crack growth rate does not involve any failure criterion for crack propagation.  The 
magnitude of the crack growth rate reflects the plastic state of the material ahead of the 
crack tip and the associated plastic dissipation.  At a given level of load during the load 
cycle, e.g., at peak load, the steady-state is characterized by stress and strain fields ahead 
of the propagating crack tip that do not change with crack size. 
(ii) In order to determine the steady-state rate of cyclic crack advance per cycle, we employ 
the nodal release technique. A node is released when a measure of the plastic dissipation 
ahead of the crack tip reaches a critical value.  
(iii) For the plastic constitutive response of the material to cyclic loading, we adopted the 
Chaboche model because it can reproduce most of the essential characteristics of the 
material deformation under cyclic loading. 
The method was implemented in calculating the fatigue crack growth rate in a compact-
tension C(T) specimen for a model material.  Within a load cycle under a given stress intensity 
range, with the load ratio equal to zero, the large strain elastoplastic boundary value problem was 
solved incrementally by properly treating crack closure.  A method of re-meshing the element 
layout near the crack tip was used to reduce numerical error when element distortion was severe.  
The simulation results may be summarized as follows: 
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(i) The nodal release for crack advance toward steady-state took place when the plastic 
dissipation in the neighborhood of the crack tip reached a critical value. This criterion can 
be expressed in terms of the accumulated plastic work at the crack tip element, or the row 
of elements along the axis of symmetry ahead of the crack, or the entire plastic zone. By 
adjusting the critical value for the plastic dissipation in the nodal release criterion, one can 
get the same steady-state fields irrespective of how the accumulated plastic work is 
calculated.  In other words, the criterion for nodal release reflects a measure of the crack 
tip plastic dissipation.  In addition, the attainment of the steady-state is only weakly 
dependent on the choice of the magnitude of the critical plastic dissipation, when it is 
chosen to be about four times the dissipation as calculated from uniaxial cyclic tension. 
(ii) Parametric studies showed that the steady-state fields, reached through nodal release, and 
the calculated fatigue crack growth rate, found through one cycle of load after the steady-
state is reached, are not sensitive to the element size near the crack tip, provided the mesh 
resolves the crack tip opening displacement. 
(iii) The profiles of the steady-state strain fields ahead of the crack tip in a C(T) specimen 
involve a region in which they vary as ln(1 / )r  with distance r from the crack tip, behavior 
similar to the case of a non-stationary crack propagating in an elastic perfectly plastic 
material under a monotonic load. 
(iv) The calculated crack growth rate as a function of the stress-intensity range exhibited Paris 
law behavior with exponent of 3.13, which is typical value for a ductile metallic material. 
The proposed mechanistic approach for the prediction of the fatigue crack growth rate is 
based on parameters that can be measured through independent experiments: For the description 
of the plastic deformation of the material under cyclic loading, a proper constitutive law is 
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needed, e.g., the Chaboche model.  Calibration of the Chaboche model requires a sequence of 
uniaxial strain-controlled cyclic plasticity experiments as well as ratcheting tests. As for the 
critical value of the plastic dissipation for the nodal release, the plastic work from tests such as 
uniaxial cyclic plasticity can be used.  Again, we note that the approach does not require a failure 
criterion for the advancement of crack growth; the steady-state crack growth rate is calculated 
during a loading cycle that involves solely the recognized process of plasticity-driven fatigue 



















 THE EFFECT OF HYDROSTATIC CONSTRAINT ON FATIGUE CRACK GROWTH 
 
4.1 Introduction 
It is well-known that the geometry of a fracture specimen affects the stress intensity 
factor at which a crack starts to propagate under monotonic loading.  For example, this critical 
intensity measured using the compact tension (C(T)) or the single notched bending (SE(B)) 
specimen with deep cracks is smaller than that measured using a center-cracked panel (CCP) 
specimen. This behavior is attributed to the level of hydrostatic constraint or stress triaxiality that 
the crack experiences [131]. It is also well-established that a two-parameter characterization of 
crack tip stress and deformation fields can be used to construct families of mode I elastic-plastic 
crack tip fields with different level of stress triaxialities. For example, the T-stress along with the 
stress intensity factor are used to describe the stress and crack tip opening displacement ahead of 
crack tip in different fracture specimen geometries [132,133]. The T-stress is the nonsingular, 
constant term in the asymptotic mode I field that acts parallel to the crack plane [134]. 
The strong effect of the T-stress on the development of plasticity ahead of a crack tip 
under monotonic loading [131,132,135,136] has already been quantified. These studies have 
been extended by Fleck and Newman [137] to cyclic loading. Fleck and Newman [137] carried 
out finite element analysis to study plasticity induced crack closure under plane strain and plane 
stress conditions for an elastic-perfectly plastic material. They simulated fatigue crack growth in 
a CCP specimen and a SE(B) specimen in which the T-stress is respectively negative and 
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positive. Fleck and Newman found that the closure opening load depends on the geometry and 
the plane-strain/plane-stress condition.  However, the cyclic plastic zone size was found to be 
similar for the CCP and SE(B) specimens under both plane stress and plane strain conditions. It 
was also shown that the influence of geometry is small on the crack opening displacement. As a 
result, Fleck and Newman concluded that the T-stress has no effect on crack growth rate, and 
hence fatigue crack growth rates measured using specimens with different geometries should be 
expected to be similar. 
Although most of the studies to investigate the effect of hydrostatic constraint on fatigue 
crack growth have been done through numerical calculations [138–140], a few attempt have been 
made to experimentally investigate this effect.  A notable exception is the work of Shercliff and 
Fleck [60] who studied the effect of specimen geometry on fatigue crack growth rate and crack 
closure response under plane strain conditions. Shercliff and Fleck conducted experiments with 
CCP and single edge notched tension (SENT) specimens using a mild steel and an aluminum 
alloy and observed no significant effect of specimen geometry on the crack growth rate and 
closure.  On the other hand, Tong [61] investigated the effect of stress triaxiality on fatigue crack 
growth rate by comparing experimental data from C(T), SENT, and CCP specimens of a mild 
steel and observed that as the T-stress increases the crack growth rate increases.  Thus, one may 
state that the subject of the constraint effect on fatigue crack grow this not resolved.  
In this Chapter, we use the theoretical model we outlined in Chapter 3 to investigate the 
effect of hydrostatic constraint on fatigue crack propagation.  To accomplish this, we study crack 
propagation in a CCP specimen under cyclic loading and compare it with the C(T) specimen 
results presented in Chapter 3. The crack tip constraint in the CCP specimen is characterized by a 
negative T-stress whereas the C(T) specimen  exhibits a positive T-stress [141].  
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4.2 Problem Formulation 
The geometry of the CCP specimen we considered in our analysis is shown in Fig. 4.1. 
The CCP specimen has a height 2H, width 2W, and the initial length of the crack located at the 
center of the specimen is 2 0a .  The stress intensity factor for a crack with half-length a in CCP 
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.  (4.2) 
The specimen is subjected to remote stress load, cycled between 0 and  . Finite element 
analysis under plane strain is performed to simulate the crack propagation using the methodology 








































4.3 Numerical Results 
We present the application of our fatigue crack growth model to CCP specimen with 
specimen half-width W = 14.2 mm (Fig 4.1), height to width ratio / 4H W  , and an initially 
sharp crack with initial length 0a  = 7.1 mm ( 0 / 0.5a W  ).  We assume plane strain conditions 
and due to symmetry, we consider only the upper right quarter of the specimen.  Numerical 
results are obtained by cycling the remote applied stress   such that ΔK = 20 MPam with a 
load ratio of zero, i.e., for zero-to-tension cycling. 
Figure 4.2 shows the domain of analysis and the finite element mesh we used to 
discretize the domain of analysis.  The symmetry boundary condition was applied on the left 
side and the bottom edge along the uncracked ligament as shown in Fig. 4.2a.  The finite 
element mesh layouts over the entire domain (Fig. 4.2b) and close to the crack tip (Fig. 4.2c-d) 
are shown with the near tip mesh being refined with a uniform element size. The mesh 
refinement is to capture the severity of the plastic deformation near the crack tip.  We consider 
the critical plastic dissipation to be the same as that we used for the C(T) specimen in Chapter 
3; i.e., *0 04D D . We also consider the possibility of crack closure and perform re-meshing as 







                   
                      
                                        
                                        
 
                                        
                                              




























Figure 4.2. Domain of analysis and finite element mesh for fatigue crack growth modeling in 
the CCP specimen: (a) schematic of the domain with applied displacements, iu , and tractions 
, iT , (b) overall discretization of the domain, (c) near tip mesh layout, (d) near crack tip mesh 




Figure 4.3 shows the normalized opening stress, 0/yy  , and effective plastic strain, 
p  
, against the normalized distance, /r b , from the crack tip along the axis of symmetry for various 
load cycles at high peak loading. The parameter b denotes the instantaneous crack tip opening 
displacement (CTOD) at high peak load.  The normalized opening stress and plastic strain ahead 
of the crack tip for cycles N = 70 and 100 are the same with b = 0.65 µm for both cases, which 
indicates that the steady-state condition has been attained at cycle 70.  The steady-state stress and 
plastic strain profiles are replotted in Fig. 4.4.  As observed from Fig. 4.4a, the maximum 
opening stress ahead of the crack tip occurs at a distance about 1.2r b  from the tip.  The insets 
in Figs. 4.4a,b show that the profiles of the opening stress and plastic strain have sections over 
which they vary as ln(1 / )r  with distance r from the crack tip; the same profile behavior for the 
steady-state as for the C(T) specimen analyzed in Chapter 3. Having obtained the steady-state 
condition, we determine the crack growth rate, da/dN, by applying one additional load cycle 
while nodal release is turned off.  Figure 4.5 shows the crack growth rate, da/dN, plotted as a 
function of the stress intensity factor range, ΔK, for cyclic loading with Kmin = 0 and maxK   20 
MPam.  The figure also shows the crack growth rate result for cyclic loading with Kmin = 0 and 
maxK   12.5 MPam (ΔK = 12.5 MPam).  The constants for the Paris law da/dN = C(ΔK)
m 































Figure 4.3. Comparison of (a) normalized opening stress, 0/yy  , and (b) effective plastic 
strain, p , ahead of the crack tip at peak load for cycles N = 1, 20, 70, and 100 under cycling 
loading with Kmin = 0, Kmax = 20 MPam in CCP specimen.  The parameters r denotes the 
distance from the crack tip and b is the crack tip opening displacement at the high peak of the 
corresponding cycle.  The parameter b for cycles N = 1, 20, 70, and 100 is 1.4, 0.8, 0.65, and 
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Figure 4.4. Plot of (a) the steady-state normalized opening stress, 0/yy  , and (b) the 
steady-state effective plastic strain, p , at peak load versus the normalized distance from the 
crack tip, /r b , under cyclic loading with Kmax = 20 MPam and Kmin = 0 in CCP specimen.  
The parameter 0  = 430 MPa is the initial yield stress and b = 0.65 µm is the crack tip 





























Figure 4.5. Plot of crack growth rate, da/dN, in the CCP specimen as a function of the stress 
intensity factor range, ΔK, for cyclic loading with zero minimum stress intensity factor, Kmin 













We carried out crack growth rate calculations in a CCP specimen under cyclic loading 
and presented the associated steady-state opening stress and plastic strain profiles ahead of the 
crack.  In this section, we compare the results between the CCP and C(T) specimens for the same 
stress intensity factor range ΔK = 20 MPam and load ratio zero. The stress triaxialities for the 
CCP and C(T) specimens are respectively characterized by / 1.2T     and / 2T    [141], 
where the parameter   is the remote applied stress,  , for the CCP specimen and /F Wt   
for the C(T) specimen with F being the applied force and t the specimen thickness.  As a result, 
the normalized T-stress for the CCP specimen at peak load is max 0/ 0.3T    , which is 
associated with the maximum remote applied stress max( )  = 112.5 MPa at maximum stress 
intensity factor Kmax = 20 MPam.  For the C(T) specimen, the normalized maximum T-stress at 
peak loading is max 0/ 0.1T    with the maximum applied force per unit thickness being 
max / 626 kN/mF t   at maximum stress intensity factor Kmax = 20 MPam. 
4.4.1 Effect of constraint on steady-state 
Figure 4.6 shows a comparison of the steady-state opening stress and plastic strain 
profiles ahead of the crack tip in CCP and C(T) specimens. These results reveal that the stress 
level in the CCP specimen is only slightly lower than that in the CT specimen; i.e., the effect of 
constraint on the steady-state stress fields ahead of the propagating crack is not significant. 
Comparing the steady-state effective plastic strain (Figs. 4.6b) and plastic zone around the crack 
tip in the C(T) and CCP specimens (Figs. 4.7 and 4.8, respectively), we again notice that the 






















Figure 4.6. Comparison of (a) steady-state normalized opening stress, 0/yy  , and (b) 
steady-state effective plastic strain, p , ahead of the crack tip for CCP and C(T) specimens 
under cyclic loading with Kmax = 20 MPam and Kmin = 0.  The parameters r denotes the 
distance from the crack tip and b is the crack tip opening displacement.  The parameter b for 









Figure 4.7. Contour plots of steady-state effective plastic strain around the crack tip in the 
CCP specimen under cyclic loading with Kmax = 20 MPam and Kmin = 0: (a) overall domain, 
(b) near tip domain. The inset in (b) shows the effective plastic strain near the crack tip. All 










Figure 4.8. Contour plots of steady-state effective plastic strain around the crack tip in the 
C(T) specimen under cyclic loading with Kmax = 20 MPam and Kmin = 0: (a) overall domain, 
(b) near tip domain. The inset in (b) shows the effective plastic strain near the crack tip. All 




The crack tip opening displacement, b, in the C(T) and CCP specimens at steady-state 
condition is 0.7 μmb   and 0.65 μmb  , respectively.  Although the parameter b is slightly 
higher in the C(T) specimen compared to that in the CCP specimen, the difference is similar in 
magnitude to that obtained by Fleck and Newman [137].  
Parks [142] reviewed the hydrostatic constraint effect on stress and deformation fields 
ahead of a crack tip under monotonic loading in materials that obey power law hardening.  He 
used the modified boundary layer (MBL) analysis [132,136] and obtained the stress and 
deformation fields near the crack tip for various values of 0/T  .  His analysis showed that the 
constraint effect on the stress fields ahead of the crack tip is significant and a decrease in the 
associated T-stress leads to a significant decrease in stress, as shown in Fig. 4.9.  On the other 
hand, the effect of the constraint on the plastic deformation ahead of the crack tip was reported as 
negligible. 
We calculated the opening stress and plastic strain ahead of a crack tip in the C(T) and 
CCP specimens under monotonic loading. We considered plane strain conditions and used the 
Chaboche material model with the parameter values listed in Table 3.1.  Figure 4.10 shows the 
opening stress and plastic strain ahead of the crack tip at stress intensity factor K = 20 MPam.  
Superposed on the figure are the steady-state opening stress and plastic strain ahead of the crack 
tip under cyclic loading (replotted from Fig. 4.6).  Figure 4.10a reveals that under monotonic 
loading, the opening stress in the C(T) specimen is significantly higher than that in the CCP 
specimen.  For instance at 3r b , the opening stress in the C(T) specimen (with max 0/ 0.1T   ) 
is higher than that in the CCP specimen (with max 0/ 0.3T    ) by 11%.  This is in agreement 
with the analysis of Parks [142] shown in Fig. 4.9.  In contrast, the effect of constraint on the 
plastic strain ahead of the crack tip under monotonic loading is not noticeable as shown in Fig. 
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4.10b.  Again, such independence of the plastic strain distribution from the hydrostatic constraint 
was also reported by Parks [142].  Comparing the steady-state profiles and the profiles under 
monotonic loading in Fig. 4.10a, we observe that the effect of constraint on the opening stress in 
cyclic loading is much smaller in comparison to that in monotonic loading.  For instance in 
cyclic loading, the steady-state opening stress at 3r b  in the C(T) specimen is only 3% higher 
than that in the CCP specimen.  These results indicate that cyclic loading diminishes the effect of 


























0/ ( / )r J   
Figure 4.9. Normalized opening stress, 0/yy  , in plane strain modified boundary layer 
(MBL) solution for a material with strain hardening exponent n =10 and various values of 
stress triaxiality, 0/T  . The circles are the HRR field while the dark line is for small 

























































Figure 4.10. Comparison of (a) normalized opening stress, 0/yy  , and (b) effective plastic 
strain, p , ahead of the crack tip for CCP and C(T) specimens under monotonic loading with 
K = 20 MPam and under cyclic loading with Kmax = 20 MPam and Kmin = 0.  The 
parameters r denotes the distance from the crack tip and b the crack tip opening 
displacement.  The parameter b for the C(T) and CCP specimens under monotonic loading is 
respectively 1.5 and 1.4 µm, and for the C(T) and CCP specimens at steady-state condition is 
respectively 0.7 and 0.65 µm. The yield stress is 0  = 430 MPa. 
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4.4.2 Effect of constraint on crack propagation rate 
To assess the effect of hydrostatic constraint on the crack propagation rate, we compared 
the crack propagation rates obtained from steady-state condition in CCP and C(T) specimens in 
Fig. 4.11. The results show that the crack growth rates in the C(T) specimen is almost the same 
as those in the CCP specimen. As mentioned in Section 4.1, Shercliff and Fleck [60] conducted 
fatigue crack growth tests for the CCP and SE(B) specimens and observed that the crack growth 
rates were similar.  Our present investigation also indicates that the hydrostatic constraint does 











































Figure 4.11. Comparison of crack growth rate, da/dN, in C(T) and CCP specimens as a 
function of the stress intensity range, ΔK, for cyclic loading with zero minimum stress 












4.5 Summary and Conclusion 
The numerical methodology presented in Chapter 3 was used to calculate the plasticity-
driven fatigue crack growth rate in a CCP specimen.  The comparison of the results for the C(T) 
and CCP specimens is as follows: 
(i) The profiles for the steady-state opening stress and plastic strain ahead of the crack 
tip in the CCP specimen under cyclic loading are almost the same as those 
calculated in the C(T) specimen loaded under the same stress intensity factor range 
and load ratio.  
(ii) Although the crack tip opening displacement, CTOD, in the C(T) specimen is 
slightly larger than that in the CCP specimen, we consider that the effect of 
constraint on the CTOD is rather small. 
(iii)  The difference between the crack propagation rate in the C(T) specimen with 
positive T-stress and the CCP specimen with negative T-stress is very small under 
the same stress intensity factor range and load ratio. Therefore, we conclude that the 












MODELING THE HYDROGEN EFFECT ON FATIGUE CRACK GROWTH 
 
5.1 Introduction 
One may argue that the fundamental hydrogen embrittlement mechanisms under static 
loading are fairly well understood on the basis of detailed microstructural observations, 
fractographic studies, and mechanistic models [5–9].  However, the mechanism(s) responsible 
for hydrogen-enhanced fatigue crack growth [49–53] are not well understood, perhaps due to the 
complexities inherent in fatigue crack growth, and despite the fact that hydrogen-induced fatigue 
crack growth data as well as relevant metallographic and fractographic results have been 
amassed for many metals and alloys [55,143,144].  In addition, there is a dearth of models that 
can be used to simulate and understand the hydrogen effect on fatigue crack propagation.  
Most of the available fatigue crack growth models, e.g. [145,146], in the presence of 
hydrogen mainly describe the crack growth rate as the sum of two contributions: (a) the growth 
rate solely due to the deformation under cyclic loading and (b) the growth rate due to the effect 
of hydrogen.  For example, Amaro et al. [145] used such an approach and developed a model to 
predict the hydrogen accelerated fatigue crack growth in pipeline steels assuming von Mises 
plasticity with Ramberg-Osgood hardening. The model was proposed in the form of Paris law 
with an additional term to incorporate the hydrogen effect which involves 8 fitting parameters. 
Following the same approach, Xing et al. [146] proposed a model based on hydrogen enhanced 
decohesion and introduced a multiplier factor in the form of Paris Law which depends on the 
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hydrogen concentration.  These models are based on the assumption that the effect of cyclic 
loading and the effect of hydrogen on the material deformation are separable.  However, it is 
well-known that hydrogen interacts strongly with material deformation [1,5,11–17].  Other 
researchers attempted to model hydrogen-accelerated fatigue crack growth by using the cohesive 
zone methodology.  Moriconi et al. [147] proposed a cohesive zone model whose parameters 
depend on local hydrogen concentration and considered that hydrogen reduces the cohesive 
energy for fracture. There have also been some attempts to account for hydrogen effect by 
incorporating it directly in the Paris law [148–150].  For example, Holobut [148] described the 
effect of hydrogen through a Dugdale type cohesive model in which he reduced the cohesive 
strength by an amount proportional to the hydrogen concentration.  Then, he directly 
incorporated the effective stress intensity factor into the Paris law.  However, these models do 
not consider such microstructural features associated with the presence of hydrogen in the 
materials trapping of hydrogen in defects and hydrogen-induced dilation. 
In this Chapter, we present a theoretical model for hydrogen accelerated fatigue crack 
growth. We develop an elastoplastic material model to take into account the effect of hydrogen-
induced lattice dilatation and material softening. We assume that the diffusion of interstitial 
hydrogen is fast enough such that the hydrogen in NILS is always in equilibrium with local 
hydrostatic stress. Moreover, as mentioned in Section 2.2, we assume that hydrogen populations 
in NILS are always in equilibrium with hydrogen populations at trapping sites. For simplicity, 
we consider only one type of traps, namely dislocations. However, our approach is general and 





5.2 Problem Statement 
5.2.1 Hydrogen concentration under equilibrium condition 
As mentioned in Section 2.2, hydrogen atoms are assumed to reside either at normal 
interstitial lattice sites (NILS) or trapping sites and these two populations are always in 












where L  is the occupancy of the interstitial sites, T  is the occupancy of the trapping sites, and 
exp  ( / )T BK W RT is the equilibrium constant calculated in terms of the corresponding trap 
binding energy BW .  We consider that the hydrogen trapping sites are associated with 
dislocations in the deforming material with corresponding trap density ( )pT TN N   which is a 
function of local equivalent plastic strain p .   
Using the Fermi-Dirac statistics, we calculate the hydrogen concentration in NILS, which 
is assumed to be in equilibrium with local stress, in terms of the initial NILS hydrogen 













where 0 0 /L L LC N   denotes the initial occupancy at NILS and LK  is the equilibrium constant 
calculated in terms of the local hydrostatic stress as 
 
 








 ,  (5.3) 
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in which / 3kk  is the hydrostatic stress and HV  is the partial molar volume of hydrogen in solid 
solution. We note that this dependence of the NILS hydrogen concentration on hydrostatic stress 
originates from the volume dilation that hydrogen causes when dissolved in the lattice; known as 
hydrogen-induced lattice dilation [2]. 
Combining Eqs. (5.1) and (5.2), we obtain the total hydrogen concentration 
( ) /L T Lc C C N   , measured in hydrogen atoms per solvent atom, as 
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is the trapping site occupancy. In summary, the total hydrogen concentration at a point is 
obtained through Eqs. (5.4)-(5.6) once the hydrostatic stress and the effective plastic strain are 
known. 
5.2.2 Elastoplastic deformation in the presence of hydrogen 
We use the Chaboche constitutive model to describe the cyclic plasticity of the model 
material. The general formulation of the Chaboche material model in the absence of hydrogen 
was presented in Section 3.2 and is summarized as follows: 
 0( , , ) 0ef R R    σ α , (5.7) 
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 (3 / 2)( ) : ( )e     σ α σ α , (5.8) 
 
2
,          1,2,3
3
p p
i i i iC i 

  α D α   (no summation over i), (5.9) 
 2 : / 3p p p  D D , (5.10) 
 p pD N , (5.11) 
 ( ) pR h Q R     (5.12) 
where σ  is the deviatoric stress tensor such that / 3ij ij kk ij      , 1 2 3  α α α α  is the back 
stress tensor, 0  is the yield stress, R describes either isotropic hardening/softening, and iC , i , 
h, and Q are material constants.  
It has been observed experimentally that hydrogen increases dislocation nucleation and 
mobility in metals and alloys [5,55].  Sofronis and Birnbaum [12] analyzed the dislocation/defect 
interactions in the presence of hydrogen and found that the interaction energies between 
dislocations and obstacles is reduced in the presence of hydrogen which is the mechanism 
underlying enhanced dislocation mobility.  Describing this hydrogen-induced material softening 
from a continuum mechanics perspective, Sofronis et al. [151] considered that the local flow 
stress decreases linearly with local hydrogen concentration.  Following Sofronis et al. [151], we 
consider that the yield stress varies linearly with hydrogen concentration as  
 0 0 0
0 0 0
1 ( 1) for  ( )
( )
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 
, (5.13) 
where TC  is the hydrogen concentration at dislocation traps measured in hydrogen atoms per 
unit volume, 0  is the yield stress of the material in the absence of hydrogen, 1   is a 
softening parameter which describes the extent of softening, 0  is the lowest value of the yield 
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stress with   varying between 0 and 1, and rC  is a reference concentration such that when the 
hydrogen concentration is T rC C , the softening parameter 0( ) /Y rC    denotes the ratio of 
the yield stress in the presence of hydrogen at concentration rC  to that in the absence of 
hydrogen.  In Eq. (5.13), we consider the yield stress to be a function only of the hydrogen at 
dislocation trapping sites in view of the fact that the hydrogen trapped at dislocations increases 
their mobility, which then induces material softening. It is noted that the proposed model for 
hydrogen-induced softening should be viewed only as an attempt to reflect the experimental 
observations of the hydrogen effect on the motion of dislocation in a continuum sense, and not as 
reflecting precise material constitutive response. 
For the elastoplastic constitutive law in the presence of hydrogen, the total deformation 
rate tensor is decomposed respectively into the elastic eD , plastic pD , and hydrogen  hD  parts as 
 e p hD D D D   . (5.14) 
The elastic behavior is assumed to be linear and isotropic and consequently the elastic 











D σ δ . (5.15) 
The deformation rate due to the hydrogen solute atoms is purely dilatational [62] and phrased as 
 0
1 1
ln 1 ( ) ( )
3 3
h d vc c c c
dt
          
D δ δ ,  (5.16) 
where 0c  is the initial total hydrogen concentration in the stress free lattice measured in 
hydrogen atoms per solvent atom, /H Av V N   is the volume change per hydrogen atom 
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. (5.17) 
For the plastic behavior, we assume that the material obeys isotropic yielding described 
by 
 ( , , ) ( ) 0p T e Y Tf C C R     σ . (5.18) 
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σ C D D   , (5.21) 
in which the components of epC  are given by 
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.  (5.22) 
When hydrogen is in equilibrium with the local hydrostatic stress, hydrogen concertation 
at trapping sites can be expressed as (see Eqs. (5.4) through (5.6)) 
 ( , )pT T kkC C   . (5.23) 
Differentiation of Eq. (5.23) with respect to time yields 
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Using Eqs. (5.21) and (5.24) along with the consistency condition, we obtain the final form of 
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.  (5.26) 
The finite element procedures outlined in the works by Sofronis and McMeeking [73] and Liang 
and Sofronis [124] are followed for the numerical implementation. 
5.3 Numerical Results 
We use finite element analysis to solve the boundary-value problem of a propagating 
crack under cyclic loading coupled with the calculation of the associated equilibrium hydrogen 
distributions.  We carry out the calculations in a compact tension, C(T), specimen as shown in 
Fig. 5.1a by using the approach we presented in Chapter 3.  Due to symmetry, we analyze only 
the upper half of the specimen as shown in Fig 5.1b. We present numerical results by cycling the 
applied force F such that ΔK = 20 MPam with zero load ratio and assuming that the initial 
NILS hydrogen concentration in the specimen is 0LC  and uniform throughout the specimen 
before the application of the load. 
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We assume 0.9   and 0.5   for the softening parameters and 0r LC C  for the 
reference hydrogen concentration.  The fact that   is equal to 0.5 implies that the maximum 
possible percentage decrease in the yield stress in the presence of hydrogen is 50%.   
For the stress-free lattice, we assume the uniform hydrogen concentration 
0 21 32.084 10  H atoms/mLC    (
0 82.46 10  H atoms per solvent atomLc
  ) throughout the 
specimen to be in equilibrium with hydrogen gas at 1 atm pressure.  For dislocation traps, 
assuming one hydrogen trap site per atomic plane threaded by a dislocation line [76,77], we 
obtain the dislocation trap density as a function of the dislocation density, ρ, as 
 2TN a

 , (5.27) 
where a = 0.286 nm is the lattice parameter.  For our model material, we assumed the dislocation 
density to be proportional to the effective plastic strain, εp , as reported in [78,79] and given by 
 0
     0.5






   

 , (5.28) 
where 10 20 10    line length/m   is the dislocation density for the annealed material and 
16 22 10   line length/m   .  The dislocation binding energy was considered to be 20.2 kJ/mol 
[1]. 
For the crack propagation simulation, the critical plastic dissipation in the presence of 
hydrogen was assumed to be the same as that in the absence of hydrogen assumed in Chapter 3; 
i.e., *0 04D D . We also considered the possibility of crack closure re-meshing as described in 
Chapter 3.  
Figure 5.2 shows the normalized opening stress, 0/yy  , and effective plastic strain, 
p , 
as a function of the normalized distance, /r b , from the crack tip for various load cycles. The 
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normalized opening stress and plastic strain ahead of the crack tip for cycles N = 30 and 40 are 
the same with b = 1.1 µm for both cases. Therefore, we conclude that the steady-state condition 

































Figure 5.1. Schematic of (a) the compact tension C(T) specimen loaded under cyclic loading 
and (b) domain of analysis with specified displacements, iu , and tractions, iT , and with 
































Figure 5.2. Comparison of (a) normalized opening stress, 0/yy  , and (b) effective plastic 
strain, p , ahead of the crack tip at peak loading for cycles N = 1, 10, 30, and 40 under cycling 
loading with Kmin = 0 to Kmax = 20 MPam in the presence of hydrogen with an initial NILS 
concentration 0 21 32.084 10  H atoms/mLC   . The parameter 0  = 430 MPa is the yield stress 




Figure 5.3 shows the steady-state normalized hydrostatic stress, trapped hydrogen 
concertation, NILS hydrogen concertation, and total hydrogen concentration. Given the 
equilibrium hydrogen concentration assumption adopted here, the distribution of the NILS 
hydrogen concentration LC  varies in accordance with the hydrostatic stress.  As shown in Fig 
5.3, the trapped hydrogen concentration closely follows the distribution of the plastic strain.  
This is explained by means of Eqs. (5.27) and (5.28) which describe that the trap density 
increases monotonically with plastic strain.  Figure 5.4 shows the normalized yield stress ahead 
of the crack tip at steady-state condition.  Also superposed is the steady-state normalized trapped 
hydrogen concertation replotted from Fig. 5.3.  According to Eq. (5.13), the normalized yield 
stress varies in accordance with the distribution of trapped hydrogen concentration TC . 
Having obtained the steady-state condition, we determine the crack growth rate, da/dN, 
by applying one additional load cycle while the nodal release is turned off.  Thus, for cyclic 









































Figure 5.3. Plot of the steady-state normalized hydrostatic stress, 0/ 3kk  , trapped hydrogen 
concentration, 0/T LC C , hydrogen concertation in the NILS, 
0/L LC C , and total hydrogen 
concertation, 0/ LC C , at peak loading versus normalized distance from the crack tip, /r b , 
under cyclic loading with Kmax = 20 MPam and Kmin = 0. The initial NILS concentration is 
0 21 32.084 10  H atoms/mLC   , the yield stress in the absence of hydrogen is 0  = 430 MPa, 
and the softening parameters are 0.9   and 0.5  . The parameter b = 1.1 µm is the crack 

























Figure 5.4. Plot of the steady-state yield stress, 0/Y  , and trapped hydrogen concentration, 
0/T LC C , at peak loading versus normalized distance from the crack tip, /r b , under cyclic 
loading with Kmax = 20 MPam and Kmin = 0. The initial NILS concentration 
is 0 21 32.084 10  H atoms/mLC   , the yield stress in the absence of hydrogen is 0  = 430 MPa, 
the softening parameters are 0.9   and 0.5  , and the crack tip opening displacement is b 










5.4.1 Effect of hydrogen-induced softening on steady-state condition and crack growth rate 
We calculated the steady-state opening stress and plastic strain ahead of the propagating 
crack tip in the presence of hydrogen.  Figure 5.5 compares the steady-state opening stress and 
plastic strain ahead of the crack in the presence and absence of hydrogen at peak loading and 
stress intensity factor range ΔK = 20 MPam with zero load ratio.  As observed from Fig. 5.5a, 
the steady-state opening stress in the presence of hydrogen is lower in comparison to that in the 
absence of hydrogen.  The maximum value of the opening stress in the presence of hydrogen is 
20% less than that in the absence of hydrogen.  Moreover, the opening stress peak location in the 
presence of hydrogen has been moved further away from the crack tip, from the position 
/ 1.2r b   in the absence of hydrogen to / 3r b  . 
The crack tip opening displacement, b, at steady-state in the presence and absence of 
hydrogen was found respectively 1.1 μmb   and 0.7 μmb  . Therefore, the crack tip opening 
displacement in the presence of hydrogen is higher than that in the absence of hydrogen by 57%.  
Observing the steady-state effective plastic strain ahead of the crack tip in the presence and 
absence of hydrogen shown in Fig. 5.5b, we note that the plastic strain is higher in the presence 
of hydrogen than in the absence of hydrogen which is a consequence of the hydrogen induced 
material softening near the crack tip.  
To assess the effect of hydrogen on crack the propagation rate, we compared the crack 
propagation rates in the presence and absence of hydrogen for cyclic loading with ΔK = 12.5 and 
20 MPam with zero load ratio in Fig. 5.6.  The magnitude of the crack growth rate in the 
presence of hydrogen is higher than that in the absence of hydrogen by about a factor of 3.  It is 
noted that, as mentioned in section 5.1, our model calculations are compatible with the hydrogen 
109 
 
accelerated crack propagation observed in experimental studies [49,52].  In our study, the 
acceleration of crack growth in the presence of hydrogen is dictated by the hydrogen-induced 
softening effect that we treated through the reduction of the yield stress.  
It is noted that although the effect of yield stress on fatigue crack growth rate has been 
the subject of multiple investigations, the literature on the subject is not conclusive.  Various 
models of fatigue crack growth predict that as the yield stress of a material increases, the growth 
rate is greatly reduced [34,152,153].  For example, the model proposed by Bathias and Pelloux 
[154] shows 0/ 1 /da dN   and the model provided by Irving and McCartney [153] illustrates 
that 20/ 1 /da dN  .  However, experiments showed either no significant effect from the yield 
stress on the fatigue crack growth rate [155,156] or a small decrease in the crack growth rate 
with an increase in yield stress for cases in which crack growth took place by a purely striation 
mechanism [157–159].  There have also been some studies, e.g. [160], that show that an increase 
in the yield stress results in an increase in the fatigue crack growth rate. According to our 
simulation in the presence of hydrogen, however, as the yield stress decreases the crack 
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Figure 5.5. Plot of steady-state normalized (a) opening stress, 0/yy  , and (b) effective 
plastic strain, p , ahead of the crack tip under cyclic loading with Kmax = 20 MPam and Kmin 
in the absence and presence of hydrogen with an initial NILS concentration 
0 21 32.084 10  H atoms/mLC   . The parameter r denotes the distance from the crack tip and b is 
the crack tip opening displacement.  The parameter b in the absence and presence of hydrogen 
is respectively equal to 0.7 and 1.1 µm, respectively. The parameter 0  = 430 MPa is the yield 
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Figure 5.6. Comparison of crack growth rate, da/dN, in the presence and absence of hydrogen 
for cyclic loading with the stress intensity range ΔK = 12.5 and 20 MPam at zero load ratio. 












5.4.2 Effect of softening parameter   on the steady-state condition 
We investigated the effect of the softening parameter   on the steady-state condition by 
carrying out additional calculations with  0.96   under ΔK = 20 MPam at zero load ratio and 
with initial NILS hydrogen concentration 0 21 32.084 10  H atoms/mLC   .  
Figure 5.7 shows the steady-state opening stress and plastic strain ahead of the crack tip 
for softening parameters 0.96   and 0.9   at the peak loading, Kmax = 20 MPam. As   
decreases and the softening effect becomes more pronounced, the opening stress decreases while 
the opening stress peak moves away from the crack tip.  In contrast, as   decreases the effective 
























Figure 5.7. Plot of (a) steady-state normalized opening stress, 0/yy  , and (b) steady-state 
effective plastic strain, p , ahead of the crack tip under cyclic loading with Kmax = 20 MPam 
and Kmin = 0 in the presence of hydrogen and various values of the softening parameters: 
0.9   and 0.96 and with 0.5   for both cases. The initial NILS concentration is 






We proposed an elastoplastic constitutive model that accounts for the effect of hydrogen-
induced lattice dilatation and softening on material deformation under cyclic loading. We 
considered that hydrogen is in equilibrium with local stress and plastic strain. The numerical 
methodology proposed in Chapter 3 was used to calculate the plasticity-driven fatigue crack 
growth rate in the presence of hydrogen.  The comparison of results in the absence and presence 
of hydrogen are summarized as follows: 
(i) The profile for the steady-state opening stress ahead of the crack tip in the presence 
of hydrogen is lower than that in the absence of hydrogen under the same stress 
intensity factor range and load ratio.  
(ii) The plastic strain at the crack tip is higher in the presence of hydrogen than that in 
the absence of hydrogen which is a consequence of material softening that occurs 
near the crack tip in the presence of hydrogen. 
(iii) The crack tip opening displacement in the presence of hydrogen is larger than that 
in the absence of hydrogen. 
(iv)  The fatigue crack growth rate in the presence of hydrogen is faster than that in the 
absence of hydrogen. 
(v) As the softening effect becomes more pronounced, the opening stress decreases and 
the opening stress peak moves away from the crack tip. In contrast, the effective 








MODELING THE HYDROGEN EFFECT ON THE CONSTITUTIVE RESPONSE OF A 
LOW CARBON STEEL UNDER CYCLIC LOADING 
 
6.1. Introduction 
Most analyses of the hydrogen effect to date have been conducted for static loading and 
the fundamental hydrogen embrittlement phenomenology has been fairly well analyzed from 
detailed microstructural observations, fractographic studies, and mechanistic models [5–9]. 
However, the mechanism(s) responsible for hydrogen-enhanced fatigue crack growth [49–53] 
still remains poorly understood partly due to the complexities inherent in fatigue crack growth 
[55,143,144].  Given the lack of predictive models for hydrogen-induced fatigue crack growth 
acceleration, the development of a physically based constitutive law is essential in characterizing 
the hydrogen effect on fatigue.  
Most metals and alloys subjected to strain-controlled cyclic loading exhibit either cyclic 
hardening or cyclic softening with subsequent material stabilization after a certain number of 
cycles [113,114].  In a 3-dimensional setting, this can be interpreted as stabilized yield surface 
after a certain number of cycles.  Another cyclic loading feature is ratcheting under stress-
controlled testing with nonzero mean stress.  An appropriate model for cyclic loading should 
thus be capable of predicting both cyclic hardening/softening and ratcheting phenomena. It is 
noted that classical von Mises plasticity is not a model that can be used to predict these cyclic 
hardening/softening and ratcheting behaviors.  
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The stabilization of the yield surface under cyclic loading can be modeled by adding an 
isotropic hardening increment to the flow stress.  Further, it has been shown that material models 
formulated with kinematic hardening rules exhibit ratcheting response [115].  Seminal in this 
area is the nonlinear kinematic hardening model developed by Armstrong and Frederick [116]. 
Subsequent to their model, several models were proposed based on their approach to improve 
the ratcheting prediction under cyclic loading, e.g. [117–120]. Notable among these revised 
approaches was that of Chaboche [119]. The model is capable of capturing many prominent 
features induced by cyclic loading such as, plastic shakedown, ratcheting, and the relaxation of 
the mean stress.   
In this chapter, we present a combined experimental and theoretical attempt to explore 
and model the hydrogen effect on the constitutive response of materials subjected to cyclic 
loading.  To accomplish this, we rely on the Chaboche constitutive model which we calibrate 
using a sequence of experimental data from uniaxial strain-controlled cyclic loading tests and 
uniaxial stress-controlled ratcheting tests of a low carbon steel, JIS SM490YB, in the absence 
and presence of hydrogen.  
6.2. Experimental results 
The material we used in this study was the Japanese Industrial Standard (JIS) G 3106 
(2015) Grade SM490YB, which is a low carbon rolled steel used for welded structures. The 
tensile properties of the steel in the absence of hydrogen are summarized in Table 6.1.   
A schematic illustration of the strain- and stress-controlled fatigue test specimen is shown 
in Fig. 6.1 along with its critical dimensions.  The specimen is a cylindrical bar and the diameter 
and the gauge length of the reduced section are 4.0 and 15 mm, respectively.  The strain- and 
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stress-controlled fatigue tests were carried out for cylindrical bar samples in air and 1 MPa 
hydrogen gas at temperature of 20ºC.  The tests in hydrogen were started 24 h after the 1 MPa 
hydrogen gas environment was established in order for a uniform hydrogen distribution 
throughout the specimen diameter prior to testing be established.  Calculation of the transient 
hydrogen distribution throughout the cylindrical part of the gauge section [161] yields a 
saturation time equal to 2 1.0Dt a   which implies that a uniform hydrogen distribution is 
established throughout the specimen in 1.1 h for 9 210 m /D s  [162] and radius 2.0 mma  . 
The total amount of hydrogen dissolved at 1 MPa hydrogen gas and temperature of 20ºC was 
0.16 wppm. 
The strain-controlled fatigue tests were carried out at strain ranges,  , of 0.92%, 1.08% 
and 2.2%. Figures 6.2, 6.3, and 6.4 show the results in air and 1 MPa hydrogen gas.  The stable 
cyclic stress-strain curves are shown in Fig. 6.5.  The hysteresis loops at   of 2.2% show that 
this steel is softened in the presence of hydrogen, whereas no softening/hardening hydrogen 
effect is observed for    0.92% and 1.08% (Fig. 6.5).  Figure 6.6 shows the number of cycles 
to failure as a function of strain range,  , taken from the strain-controlled fatigue tests in air 
and 1 MPa hydrogen gas. Clearly, the fatigue life in hydrogen gas is shorter than that in air. 
The stress-controlled fatigue tests were conducted under load control with a constant 
stress amplitude and two levels of mean stress.  The stress amplitude and mean stress were 
selected so that the maximum stress was sufficiently higher than the yield stress and ratcheting 
behavior was observed.  The stress amplitude a max min( ) / 2     was 420 MPa, where max  
and min  are maximum and minimum stress, respectively. The values of the mean stress 
mean max min( ) / 2     were 20 and 40 MPa.  Figure 6.7 shows ratcheting data in air and 1 MPa 
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hydrogen gas at mean stresses mean  of 20 and 40 MPa. The maximum strain associated with the 
























Table 6.1. Mechanical properties of the JIS SM490YB.  
Steel 
Lower yield 
strength, Y (MPa) 
Ultimate tensile 
strength, B  (MPa) 
Total elongation,  
δ (%) 











Figure 6.1. Schematic of the specimen used for the strain- and stress-controlled fatigue tests. 

















2In 1 MPa H
 
Figure 6.2. Stress-strain curves for uniaxial strain-controlled tests with strain range    
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Figure 6.3. Stress-strain curves for uniaxial strain-controlled tests with strain range    
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Figure 6.4. Stress-strain curves for uniaxial strain-controlled tests with strain range    
















Solid line: In Air
Dotted line: In 1 MPa H
 
Figure 6.5. Stable stress-strain hysteresis curves for uniaxial strain-controlled tests at strain 
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Figure 6.6. Fatigue life, fN , as a function of strain range,  , as determined from the 
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Figure 6.7. Ratcheting data for uniaxial stress-controlled tests with stress amplitude 










6.3. The Chaboche constitutive model for cyclic plasticity 
We adopt the Chaboche constitutive model, presented in Chapter 3, to describe the cyclic 
plasticity of the material.  After we present the features of this model, we will proceed with the 
calibration of the associated parameters using our experimental data.  In this regard, we also 
present the details of the model’s response in uniaxial cycling straining.  
6.3.1. Formulation 
General formulation of the Chaboche material model was presented in Section 3.2 which 
are summarized as 
 0( , , ) 0ef R R    σ α , (6.1) 
 (3 / 2)( ) : ( )e     σ α σ α , 1 2 3  α α α α  (6.2) 
 
2
,          1,2,3
3
p p
i i i iC i 

  α D α   (no summation over i), (6.3) 
 2 : / 3p p p  D D , (6.4) 






N  (6.5) 
 ( ) pR h Q R    . (6.6) 
where σ  is the deviatoric stress tensor such that / 3ij ij kk ij      , 1 2 3  α α α α  is the back 
stress tensor, 0  is the yield stress, iC , i , h and Q are material constants, and R describes either 
isotropic hardening if positive or isotropic softening if negative, and it is the increment to the 
yield stress that modulates the stabilization of the response in strain-controlled cyclic test. 
To indicate the feature associated with the parameters R and Q, we integrate Eq. (6.6) 
with respect to time and get 
127 
 
 (1 e )
phR Q   . (6.7) 
Figure 6.8 shows how the parameter R varies as a function of the accumulated plastic strain 
(cyclic hardening with 0Q  ).  The parameter R increases monotonically with accumulated 
plastic strain from zero and levels to the value of Q.   
It is noted that the parameter Q determines the amount of cyclic hardening/softening 
during a strain-controlled test.  In other words, the change in the maximum stress from the first 
cycle to the stabilized cycle is controlled by the parameter Q.  Moreover from Eq. (6.7), the 
parameter h describes the rate of change of R from zero to Q.  Therefore, the parameter h 
describes the rate of cyclic hardening/softening of the material which will be elaborated further 
in section 6.4.3. 
In summary, the Chaboche model for cyclic plasticity that we adopted in this work 
involves nine parameters: 1C , 2C , 3C , 1 , 2 , 3 , Q, h, and 0  that can be calibrated 

















                






Figure 6.8. Evolution of the isotropic parameter R for a cyclic hardening material. The 













6.3.2. Uniaxial strain-controlled cyclic response 
Experimental measured stable stress-strain hysteresis loops for uniaxial cyclic loading 
under strain-controlled conditions show three distinct segments [115,163], as shown in Fig. 6.9 
for the case of    2.2%: 
(i) Segment 1: the part of the stable hysteresis curve with high modulus at very small strains 
and the onset of yielding;  
(ii) Segment 2: the transient nonlinear portion of the hysteresis curve at moderate plastic 
strains;  
(iii)Segment 3: the subsequent part of the hysteresis curve at high plastic strains.   
Accordingly, a proper kinematic hardening model for cyclic loading should be able to capture 
this 3-segment hysteresis response.  
 Recall that the Chaboche nonlinear kinematic hardening model [164,165] involves a 
superposition of three Armstrong and Frederick [116] hardening rules, i.e., 1 2 3  α α α α  with 
corresponding evolution rules given by Eq.(6.3).  Each of the three hardening rules underlies a 
corresponding segment of the hysteresis loop.  The first rule governs initial hardening with a 
large modulus at very small plastic strains (segment 1), the second rule governs the nonlinear 
behavior at moderate plastic strains (segment 2), and the third hardening rule governs the nearly 
linear segment of the hysteresis loop along which the modulus is constant (segment 3).  This 
















Figure 6.9. Experimentally measured stable stress-strain hysteresis loop for SM490YB steel 
for uniaxial strain-controlled cyclic loading test with strain range of    2.2% in air. The 
stress is plotted against plastic strain, p , which shows the corresponding plastic strain 











To illustrate the features associated with the three kinematic hardening rules, we simulate 
the uniaxial strain-controlled response under fully-reversed cyclic loading, i.e. max min
p p   .  In 
uniaxial loading the only nonzero stress component is the axial stress xx  and the matrix of the 
back stress tensor can be written as 
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   
  
α , (6.8) 
where xx  is the normal component in the loading direction.  The component xx  is composed of 
three parts: 1 2 3( ) ( ) ( )xx xx xx xx       in which ( )xx i  is the normal component of the ith back 






f R        , (6.9) 
where λ is the loading/unloading parameter such that λ = 1 for loading and λ = –1 for unloading. 
Setting 3 / 2xx , we have 1 2 33 / 2xx        . Then Eqs. (6.1) and (6.3) reduce 
respectively to  
 0 0xxf R       , (6.10) 
and 
 ,          1, 2,3p pi i i iC i          (no summation over i). (6.11) 
As mentioned before, linearity of 3  is enforced by a relatively very small 3  and as a result, 
integration of Eq. (6.11) provides 
 3 3
pC  . (6.12) 
Solving Eq. (6.11) for the first and second back stress yields 
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   0 0exp ,      1, 2p pi ii i i
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 
 
      
 
,  (6.13) 
where 0i  and 0
p  are the values of i  and 
p  at the start of loading or unloading.  The first and 
second back stress level to /i iC   ( /i iC  ) in the loading (unloading) part of the curve within 
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Using Eqs. (6.13) and (6.14), one obtains 1  and 2  as 
    min1 2exp ,      1,2p pii i
i
C
i    

      (no summation over i). (6.15) 
Given that R levels to Q at stabilization, substitution of Eqs. (6.12) and (6.15) in Eq. (6.10) 
provides the closed form solution for the uniaxial strain-controlled cyclic loading as 
 
       1 21 min 2 min
1 2
3 0
1 2exp 1 2exp
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       
  
  (6.16) 
As can be seen from Eq. (6.16),  the parameter 3  does not appear in the solution because of its 
absence from the third hardening rule in order to enforce the linearity of the stress-strain 
hysteresis curve (segment 3 in Fig. 6.9). 
The maximum stress MS  in the stable hysteresis loop is obtained from Eq. (6.16) when 
max
p p   and λ = 1: 





C Q  
 
      . (6.17) 
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6.4. Calibration of the Chaboche constitutive model 
In this section we present our approach to determining the 9 material parameters of the 
Chaboche model by using the experimental results reported in the previous section from: 
(i) The uniaxial strain-controlled tests with the three different strain ranges,    0.92%, 
1.08%, and 2.2%. Eq. (6.16) is used to determine the parameters 1C , 2C , 3C , 1 , 2 , Q, 
h, and 0 .   
(ii) Stress-controlled ratcheting tests with stress amplitude 420 MPa and mean stresses 20 
MPa and 40 MPa. These tests provide the remaining parameter 3 . 
Determination of these parameters for charged and uncharged materials is elaborated in the 
following sections. 
6.4.1. Determination of parameters 1C , 2C , 3C , 1 , 2 ,  Q, and 0  in the absence of hydrogen  
As can be observed from Fig. 6.5, the effect of hydrogen on the material response is more 
pronounced for 2.2%   in comparison to 0.92%   and 1.08% . Hence, for the calibration we 
use the stable stress-strain hysteresis loop data for 2.2%   in the absence of hydrogen as 
plotted in Fig. 6.9.   
The parameter 1C  is determined from the slope of the stable hysteresis loop around zero 
stress at minimum plastic strain to match the plastic modulus upon yielding in the hysteresis loop 
 51 3.3 10  MPaC   . (6.18) 
Observing that 1 1/C   is the stress magnitude at which the nonlinear part of the curve (segment 
2) begins, we obtain  
 41 1.65 10   . (6.19) 
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The parameter 3C  is determined from the slope of linear segment of the hysteresis loop at large 
strains as 
 3 5900 MPaC  . (6.20) 
In order to determine the parameter Q, we use Eq. (6.10) to obtain the maximum stress in 
cycle N  
 0MN MN NR     , (6.21) 
where MN , MN , and NR  are respectively the maximum stress, maximum back stress, and 
isotropic parameter R associated with the cycle N when max
p p  .  Using Eq. (6.21) and the fact 
that 1 ~M MS  , one can write the difference between the maximum stress in the stable cycle, 
MS , and the maximum stress in the first cycle, 1M , as  
 1 1MS M SR R     , (6.22) 
where SR  and 1R  are respectively the values of the parameter R associated with the stable cycle 
and the first cycle when max
p p  .  Recalling that the parameter R levels to Q at stabilization, i.e. 
SR Q , and considering 1R  approximately equal to zero, one can write  
 1MS M Q   .  (6.23) 
Hence, the parameter Q is obtained from the difference between the maximum stress in the stable 
cycle and first cycle. This difference for the case of 2.2%   yields 
 68 MPaQ  .  (6.24) 
The values of the remaining parameters 2C , 2 , and 0  are determined by simulating the 
experimentally measured hysteresis loop of Fig. 6.9 through Eq. (6.16).  Nonlinear least square 
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approximation yields 42 6 10  MPaC   , 2 540  , and 0 250 MPa  ; see Appendix E. The 
calibrated parameters are listed in Table 6.2.   
Figure 6.10 shows the stable hysteresis loop predicted by the model, Eq. (6.16), with 
max min 1%
p p     and the corresponding back stress Eqs. (6.12) and (6.15) in the absence of 
hydrogen and with the associated constants given in Table 6.2.  The first back stress, 1 , starts 
with a large initial slope and it quickly levels to 1 1/C   ( 1 1/C  ) in the loading (unloading) part 
of the curve.  It is noted that the first back stress underpins the segment 1 in Fig. 6.10.  Similarly, 
the second back stress levels to 2 2/C   ( 2 2/C  ) in the loading (unloading) part of the curve 
and underpins the segment 2 in Fig. 6.10 which is the nonlinear portion of the stable hysteresis 
curve.  The third back stress starts from 3 min
pC   ( 3 max
pC  ) in the loading (unloading) part and 
passes through the origin.  The third back stress underpins the segment 3 in Fig. 6.10 which is 
the linear part of the stable hysteresis curve at large plastic strains.   
Interestingly, the calibrated parameters provide perfect agreement between the model and 
the experimental data in strain-controlled tests with strain ranges 1.08%   and 0.92%  as 
shown in Fig. 6.11. The agreement is remarkable if one considers that the experimental data from 













Table 6.2. Calibrated material parameters for SM490YB steel in air and in 1 MPa H2 
environment. 
Parameter Symbol Value in air Value in 1 MPa H2 
Young’s modulus       E   200 GPa     200 GPa 
Initial yield stress      0    250 MPa     184 MPa 
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Figure 6.10. The stable stress-strain hysteresis loop and associated back stress predicted by 
the calibrated model in uniaxial strain-controlled cyclic loading with strain range 2.2% in the 



























Figure 6.11. Comparison of the stable hysteresis loops between the calibrated model and 
experimental data for uniaxial strain-controlled cyclic loading with strain range 2.2%, 1.08%, 





6.4.2. Determination of parameters 1C  , 2C  , 3C  , 1  , 2 , Q  and 0  for the material in the 
presence of hydrogen 
For the calibration in the presence of hydrogen, we used the experimental data for the 
hysteresis loops shown in Fig. 6.12 which were obtained from the uniaxial strain-controlled 
cyclic loading test with strain range 2.2%   tested in 1 MPa hydrogen environment.  We 
followed the same calibration procedure detailed in section 6.4.1 and determined 1C , 2C , 3C , 
1 , 2 ,  Q, and 0  in the presence of hydrogen and the results are shown in Table 6.2.  The 
calibrated model prediction is superposed on Fig. 6.12.  Additionally, as shown by Fig. 6.12, the 












































Figure 6.12. Comparison of the stable hysteresis loop predictions by the calibrated model 
with experimental data for uniaxial strain-controlled cyclic loading with strain range 2.2%, 
1.08%, and 0.92% in the absence of hydrogen.  The calibrated model parameters are listed in 








6.4.3. Determination of the parameter h in the absence and presence of hydrogen 
According to Eq. (6.7) and discussion in Section 6.3, the parameter h expresses the rate 
of cyclic hardening and dictates how fast the maximum stress in each cycle changes toward the 
maximum value in the stabilized cycle.  For instance, a smaller value of h is associated with a 
larger number of cycles till stabilization; the number of cycles for the parameter R to increase 
(decrease) from zero to Q is larger.   
Equation (6.21) for the first cycle and the Nth cycle provides 
 1 1MN M NR R    , (6.25) 
where NR  is the value of the parameter R associated with the cycle N when max
p p  . 
Considering 1R  approximately equal to zero, one can write 
 1MN M NR   , (6.26) 













It is noted that in uniaxial strain-controlled test with strain range p , the accumulated plastic 
strain in cycle N is given by 2p pN   . Then Eq. (6.7) gives 
 (2 )(1 e )
ph N
NR Q
   . (6.28) 
Substituting Eq. (6.28) in Eq. (6.27), one finds  
 1 (2 )
1
1





   

 . (6.29) 
Therefore to obtain the parameter h, we consider Eq. (6.29) to fit the experimental data by 
plotting the normalized maximum stress 1 1( ) / ( )MN M MS M      as a function of accumulated 
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plastic strain.  As observed from Fig. 6.13, a fairly good fitting of the experimental data for 

















































Figure 6.13. Comparison of the evolution of normalized maximum stress, 
1 1( ) / ( )MN M MS M     , between the calibrated model and the experimental data from 
uniaxial strain-controlled cyclic loading with strain range of 2.2% in the absence and 
presence of hydrogen. The parameters MS , MN , and 1M denote the maximum stress in the 











6.4.4. Determination of the parameter 3  in the absence and presence of hydrogen 
We determine the remaining parameter 3  using the ratcheting data shown in Fig. 6.7 
obtained from the uniaxial stress-controlled cyclic loading tests with stress amplitude a   420 
MPa at mean stress mean   20 and 40 MPa.  As shown from Fig. 6.7, immediately upon 
yielding, a long elongation was the case as a result of the Lüders bands. We corrected for this 
elongation by subtracting the maximum strain of the first cycle, max 1N  , from the ratcheting data 
for all other cycles. Thus the ratcheting strain was calculated as max max 1ratchet N     . The 
replotted experimentally measured ratcheting data are shown in Fig. 6.14. 
Using the calibrated model, we carried out finite element simulations with varying 3  and 
keeping all other parameters the same so as to best reproduce the ratcheting response. The 
simulated uniaxial tension domain was loaded by incrementally changing the applied stress from 
min 400 MPa    to max 440 MPa   for mean stress mean 20 MPa   and from min 380 MPa    
to max 460 MPa  for mean 40 MPa  . The finite element calculations were carried under 
axisymmetric conditions and the Chaboche model outlined in section 6.3.1 was integrated as 
described in Hosseini et al. [166].   The best match between simulation and experimental results 
was obtained when 3 9   in the absence of hydrogen and 3 25   in the presence of hydrogen.  
Figures 6.14a and b show the comparison between the calibrated model predictions and 
experimental ratcheting data for tests in the absence and presence of hydrogen, respectively. The 
agreement between model prediction and experimental data is deemed satisfactory.  We note that 
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Figure 6.14. Ratcheting data and fitting curves with 3 9   in the absence of hydrogen (a) 
and 3 25   in the presence of hydrogen (b). The experimental data were obtained with stress 





We investigated the effect of hydrogen on the constitutive response of a low strength 
steel in uniaxial cyclic loading through the Chaboche constitutive model.  Figure 6.15 shows the 
stable hysteresis curves for the charged and uncharged specimens from strain-controlled tests 
with strain range 2.2% and for which min 1%
p   . The slope of the segment 2 in the presence of 
hydrogen is smaller than that in the absence of hydrogen.  Since as was elaborated in Section 
6.3.2, this slope is controlled by the second hardening rule and the ratio 2 2/C  , we conclude that 
2 2/C   in the presence of hydrogen is larger than that in the absence of hydrogen.  It is noted that 
the calibrated values for 2 2/C   were 158 and 111 in the presence and absence of hydrogen, 
respectively. The linear parts of the stable hysteresis curves at large plastic strains which are 
controlled by the parameter 3C , i.e. segment 3, are almost parallel to each other.  Hence, the 
effect of hydrogen on the parameter 3C  is not significant, and this is shown by the close values 
35.7 10  and 35.9 10  MPa  respectively in the presence and absence of hydrogen. The effect of 
hydrogen on the parameter 1C  is also not significant which is deduced from the proximity of the 
calibrated values for 1C , 
53.2 10 and 53.3 10  MPa  in the presence and absence of hydrogen, 
respectively.  In summary, whereas hydrogen has a significant effect on the parameter 2C , and 
this is shown by the values 49 10 and 36 10  MPa  respectively in the presence and absence of 
hydrogen, its effect on 1C  and 2C  is not significant.  To conclude, more experimental data for a 
range of hydrogen pressures are needed to understand the effect of hydrogen on the parameters 




The maximum stresses in the stable hysteresis curve were 435 MPa and 505 MPa in the 
presence and absence of hydrogen, respectively.  From Eq. (6.17) along with the fact that 1 1/C   
is rather small, 2 2/C   is larger in hydrogen than in air, and 3C  is almost unaffected by hydrogen, 
we deduce that the lower maximum stress in the presence of hydrogen is associated with a lower 
yield stress 0  and Q.  Comparing the calibrated yield stress 0 184 MPa   in the presence of 
hydrogen and 0 250MPa   in the absence of hydrogen (see Table 6.2), we conclude that 
hydrogen reduces the yield stress by 26%.  Table 6.2 also shows that the value of the parameter 
Q in the presence of hydrogen, 37 MPaQ  , is by 46% lower than that in the absence of 
hydrogen, 68 MPaQ  .  This result indicates that the difference between the maximum stress in 
the stable cycle and the first cycle becomes less in the presence of hydrogen which implies that 
the amount of isotropic cyclic hardening is smaller in the presence of hydrogen. The values of 
the calibrated parameter h were 4 and 1.4 in the presence and absence of hydrogen, respectively.  
Hence, cyclic hardening in the presence of hydrogen is faster, which implies that a smaller 
number of cycles is needed till stabilization. 
The parameter 3  which governs the ratcheting response is by 178% higher in the 
presence of hydrogen, 3 25  , than in the absence, 3 9  .  Figure 6.16 shows that hydrogen 




















Figure 6.15. Comparison of the experimental stable hysteresis curves in the absence and 
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Figure 6.16. Comparison between the ratcheting data in the presence and the absence of 
hydrogen from stress-controlled tests with stress amplitude a 420 MPa   at mean stress 












Before closing, we note that we observed an ambiguity with regard to the cyclic 
hardening/softening behavior in the experimental data from stain-controlled tests. The material in 
this study, SM490YB steel, is one with an annealed microstructure and we expected that it would 
cyclically harden [167] at all strain amplitudes. However, testing showed softening for strain 
ranges 0.92% and 1.08%, while it showed hardening for 2.2%.  Softening for the strain ranges 
0.92% and 1.08% can be attributed to the continuous increase of the plastically deforming 
volume of material along the gauge length.  However, in the test with the highest strain range, 
2.2%, the entire gauge length is already plastically deformed after the first quarter of the first 
cycle and the subsequent development of the dislocation density and arrangement leads to cyclic 
hardening.  
6.6. Conclusion 
The effect of hydrogen on the cycling constitutive response of a low carbon SM490YB 
was studied by using the Chaboche model.  For the calibration of the model which involves 9 
parameters uniaxial strain-controlled cyclic and ratcheting tests were used.  The hydrogen effect 
was assessed by comparing the material response in air and in the presence of 1 MPa hydrogen. 
Based on the experimental and modeling results, we deduce the following: 
(i) The low carbon SM490YB shows much lower yield stress in the presence of 
hydrogen which implies a macroscopic softening effect by hydrogen. 
(ii) At an approximately large cycling amplitude, 2.2%, the amount of cyclic hardening 
is smaller in the presence of hydrogen. This observation is related to a lower value 
of the parameter Q used in the description of the isotropic hardening in the 
Chaboche model.  Similarly, cyclic hardening in the presence of hydrogen is faster 
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than that in the absence of hydrogen, which is expressed by a higher value of the 
parameter h. 
(iii) Ratcheting increases in the presence of hydrogen. 
(iv) Stronger recovery was found in the presence of hydrogen.  This observation is 
described by the higher values of the parameters 1  and 2  in the presence of 
hydrogen. 
(v) The parameters 1C  and 3C  in the presence of hydrogen are almost the same as those 
in the absence of hydrogen, whereas the parameter 2C  is higher in the presence of 
hydrogen. More experimental data is needed to understand the effect of hydrogen on 
theses parameters. 
(vi) Based on the experimental data and the trends described by the calibrated Chaboche 
model, we may conclude that hydrogen decreases the yield stress and the amount of 
cyclic hardening.  On the other hand, hydrogen increases the rate of cyclic 











SUMMARY AND FUTURE WORK 
 
7.1. Summary of accomplishments 
It has been found experimentally that vanadium carbides (VC) significantly improve the 
hydrogen embrittlement resistance of petrochemical pressure vessels of 2¼Cr-1Mo-¼V steel 
during shutdown from high temperature to room temperature.  Owing to this experimental 
observation, in Chapter 2, we presented a mechanistic explanation for the better hydrogen 
embrittlement resistance of high temperature hydrogen precharged 2¼Cr-1Mo-¼V steel 
compared to 2¼Cr-1Mo steel.  We first proposed a model for hydrogen transport in an 
elastoplastically deforming solid that accounts for the presence of microstructural defects and 
varying temperature. Then we investigated the hydrogen re-partitioning among various trap 
states, during cooling down of the material from high charging temperature to room temperature. 
The loading effect on hydrogen redistribution ahead of a crack tip in a cracked component after 
cooling was also explored by solving the coupled hydrogen diffusion and elastoplastic boundary 
value problems for the compact tension C(T) specimen.  The numerical results indicated that VC 
precipitates help deplete the lattice sites of hydrogen, while at the same time reduce the amount 
of hydrogen trapped at lath boundaries that serve as fracture initiation sites. This explains the 
increased resistance of the 2¼Cr-1Mo-¼V steel to hydrogen embrittlement. An important 
outcome of this study is a strategy for the mitigation of hydrogen embrittlement by appropriately 
modifying the microstructure.  
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In Chapter 3, we presented a numerical methodology to simulate fatigue crack growth in 
ductile materials and succeeded in predicting Paris law response for crack propagation driven by 
alternating crack tip plastic blunting and re-sharpening.  We adopted the Chaboche model to 
describe the constitutive law of the material under cyclic loading because it can capture essential 
characteristics of material response under cyclic loading, e.g. hardening/softening in strain-
controlled tests and ratcheting in stress-controlled tests.  In the numerical simulations, we first 
calculated the steady-state stress and deformation fields ahead of the propagating crack tip by 
using the nodal release technique.  The crack tip node was released when the plastic dissipation 
at the crack tip reached a critical value.  Finally, after we obtained the steady-state condition, we 
calculated the steady-state crack growth rate, da/dN, by a single loading and unloading process 
that involved no nodal release.  The method was implemented for the case of a compact tension 
C(T) specimen and a model material.  The large strain elastoplastic boundary value problem was 
solved incrementally by properly treating crack closure and re-meshing the element layout near 
the crack tip to address the crack tip severe element straining.  The simulation results show that 
the profiles of the steady-state strain fields ahead of the crack tip in a C(T) specimen involve a 
region in which they vary as ln(1 / )r  with distance r from the crack tip, similar to the case of a 
non-stationary crack propagating in an elastic-perfectly plastic material under a monotonic load.  
We also found that the calculated crack growth rate as a function of the stress intensity factor 
range exhibits Paris law behavior with exponent of 3.13, which is typical for a ductile metallic 
material.  A significant feature of our model is that the calculation of the crack growth rate does 
not involve any failure criterion for crack propagation.   
In Chapter 4, we used the model we developed in Chapter 3 to investigate the dependence 
of fatigue crack growth on hydrostatic constraint.  Finite element analyses were carried out to 
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study fatigue crack growth in a center-cracked panel, CCP, which is known to exhibit negative 
T-stress.  Comparing the results in the CCP specimen with those in a center-cracked tension, 
C(T), specimen obtained in Chapter 3, we found that the profiles for the steady-state opening 
stress and deformation ahead of the crack tip in the CCP specimen are almost the same as those  
in the C(T) specimen under the same stress intensity factor range and load ratio.  Moreover, the 
calculated crack propagation rate in the CCP specimen was found to be almost the same as that 
in the C(T) specimen.  These results indicate that under cyclic loading, the hydrostatic constraint 
has no significant effect on the crack propagation rate, the stress, and the deformation fields a 
head of the crack tip. 
In Chapter 5, we presented an elastoplastic constitutive law that accounts for the effect of 
hydrogen-induced lattice dilatation and material softening on the material deformation under 
cyclic loading with the condition that hydrogen is in equilibrium with local stresses.  We used 
this law along with the crack propagation simulation model of Chapter 3 to study effect of 
hydrogen on fatigue crack growth.  Finite element calculations showed that hydrogen-induced 
material softening decreases the magnitude of stress ahead of the crack tip while it increases the 
plastic straining.  Significantly, the fatigue crack growth rate in the presence of hydrogen was 
found to be higher in comparison to that in the absence of hydrogen.  This hydrogen-accelerated 
fatigue crack growth was a direct result of hydrogen-induced material softening implemented in 
the constitutive law. 
Lastly, in Chapter 6, we studied the effect of hydrogen on the constitutive response of 
low carbon steel, JIS SM490YB steel, as described by Chaboche model in uniaxial strain-
controlled cyclic loading and ratcheting. We proposed a procedure to calibrate the Chaboche 
model using a sequence of uniaxial strain-controlled cyclic plasticity experiments and ratcheting 
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tests.  The results indicate that the material has much lower yield stress in the presence of 
hydrogen which implies that the material becomes softer in the presence of hydrogen.  Moreover, 
we found that the ratcheting and cyclic hardening in the presence of hydrogen are faster 
compared to that in the absence of hydrogen.  An important outcome of this study is that we 
identified the most important material model parameters that can be affected by the presence of 
hydrogen. 
7.2. Future work 
7.2.1. Overload effect on fatigue crack propagation 
We investigated fatigue crack growth under loading of constant amplitude. However, for 
many structures in service subjected to cyclic loading, loading is usually of varying amplitude or 
random.  Moreover, it has been experimentally observed that fatigue crack growth under 
constant amplitude loading is affected by the application of an overload [168,169].  A single 
tensile overload causes an immediate acceleration of the crack growth followed by a period of 
crack growth retardation as shown in Fig. 7.1.  Then either the crack gets arrested or its growth 
rate returns to the previous magnitude of growth rate before the application of the overload 
[168].  In order to elucidate this phenomenon, our model can be used to investigate the effect 
of overload on the growth rates.  The idea is to investigate the nature and magnitude of the stress 
and deformation fields ahead of the crack and their relationship to the associated fatigue crack 




















Figure 7.1. Schematic illustration of a single tensile overload effect on fatigue crack growth 
behavior: (a) The loading cycles where KOL is overload stress intensity factor, and (b) Crack 



















7.2.2. Cyclic softening effect on fatigue crack propagation    
Depending on how the dislocation substructures differs under monotonic vs. cyclic 
loading, most metals subjected to cyclic loading will undergo either cyclic hardening or cyclic 
softening with subsequent material stabilization after a certain number of cycles [113,114].  For 
example, it has been reported that metals in the annealed condition usually harden during cyclic 
loading whereas those that are cold worked soften [170].  Figure 7.2 shows that during strain-
controlled tests the annealed copper hardens while the cold worked copper experiences cyclic 
softening.  It is worth noting that for similar strain-controlled tests, hardening of annealed and 
softening of cold worked copper was such that the stress approached the same level in both types 
of copper before fracture occurred [170,171].  
It should be noted that a comprehensive study on how fatigue crack growth with cyclic 
softening compares to fatigue crack growth with cyclic hardening has not been undertaken.  The 
fatigue crack growth results of this study were for a cyclically hardening model material.  To 
compare the rates of growth for the two different types of hardening, our fatigue crack growth 

















Figure 7.2. Cyclic hardening and softening in annealed and cold worked copper. The results 















HYDROGEN TRANSPORT EQUATION FOR STRESS-DRIVEN DIFFUSION 
ACCOUNTING FOR THE TEMPERATURE EFFECT 
 
Hydrogen atoms are considered to reside either at normal interstitial lattice sites (NILS) 
or trapping sites. The occupancy of the jth type of trapping sites, θT(j), is always in equilibrium 















where KT(j) is the equilibrium constant calculated as 
 
( )







 , (A.2) 
 in which WB(j) is the trap binding energy in trap type (j), R = 8.314 J/mol-K is the gas constant, 
and T is absolute temperature. The hydrogen concentration in trap type (j) is expressed as  
 ( ) ( ) ( ) ( )j j j jT T TC N  ,  (A.3) 
where α(j) is the number of sites per trap type (j), and NT(j) is the corresponding trap density per 
unit volume. The hydrogen concentration in NILS, measured in hydrogen atoms per unit volume, 
can be phrased as  
 L L LC N  , (A.4) 
where β is the number of NILS per solvent atom, NL = NA /VM represents the density of solvent 
atoms, NA is Avogadro’s number, and VM is the molar volume of the host lattice.  
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Consider an arbitrary volume V of material bounded by a surface S at a given temperature 
T and subject to external loading ij  The surface consists of two parts, CS  and JS , the NILS 
concentration, LC is prescribed on CS  and the flux is prescribed on JS  such that: 
 
on :  
on :  
C L p
J i i p
S C C




where pC and p  are prescribed concentration and flux, respectively. Mass conservation of 
hydrogen in the volume V gives 
 ( )( ) 0jL T i iV S
j
d
C C dV J n dS
dt
    . (A.6) 
We assume that the deformation of the body does not affect diffusion substantially. Therefore, 
the divergence theorem may be used to rewrite the Eq. (A.6) as  
 ( ) ,( ) 0
j
L T i iV
j
d
C C J dV
dt
 
   
 
 . (A.7) 
Since Eq. (A.7) holds for any arbitrary volume, the integrand must be everywhere equal to zero  
 ( ) ,( ) 0
j





   . (A.8) 
Utilizing Eqs. (A.1) through (A.4), we can write ( )jTC  in terms of LC as  
 















Therefore one may write 
 
( ) ( ) ( ) ( ) ( ) ( )
( ) ( )
j j j j j jp
T T L T T T T
j p j
L T T
dC C dC C dN C dKd dT











( ) ( ) ( ) ( ) ( )
,( )
1 0
j j j j jp
T L T T T T
i ip j
j j jL T T
C dC C dN C dKd dT
J
C dt N d dt K dT dt


       
               
   . (A.11) 
From Eqs. (A.9) and (A.3), respectively we can obtain 
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Using Eq. (A.2),  we obtains 
 









  , (A.14) 
and 
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Defining effective diffusion coefficient effD  as 
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and substituting Eqs. (A.13)-(A.16) into (A.11) we obtain 
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where   is the chemical potential of the solute hydrogen. The parameter   for a system under 











where 0  is the chemical potential in the standard state and   the stress dependent part, is 





   , (A.20) 
and HV  is the partial molar volume of hydrogen in solid solution. For a very dilute solution of 
hydrogen ( 1L  ) in the material one can simplify the chemical potential to 
 0 ln LRT       . (A.21) 
Substituting Eqs. (A.21) and (A.20) into (A.18) and noting that the temperature is assumed 
constant, we can obtain 
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Substituting Eq. (A.22) into Eq. (A.17), we arrive at the hydrogen transport equation for stress-
driven diffusion accounting for the temperature effect on the equilibrium between trapping site 
and NILS concentrations as 
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  APENDIX B 
BEHAVIOR OF STATIC CRACK UNDER CYCLIC LOADING 
 
Several researchers, e.g. [23–25,86,88,109], have studied the stress and strain fields at a 
stationary crack under cyclic loading for the purpose of describing crack growth behavior.  To 
assess this approach, in this Appendix, we present the stress and strain fields in the neighborhood 
of a stationary crack in a C(T) specimen subjected to a cyclic loading.  The geometry, the 
material constitutive law, and the finite element procedures are the same as those described in 
Section 3 on Numerical Implementation.  The only difference in these calculations is that nodal 
release is switched off so that the crack remains stationary.  The schematic of the C(T) specimen 
and finite element mesh are shown in Figs. 3.2 and 3.3, respectively.  The crack was initially 
sharp with a size 0a = 7.1 mm.  The specimen was subjected to cyclic loading between zero stress 
intensity, Kmin = 0, and maximum stress intensity Kmax = 20 MPam. 
Figure B.1 shows the normalized opening stress, 0/yy  , and effective plastic strain, 
p , 
against normalized distance, /r b , from the crack tip at peak loading for various cycles.  As 
observed from Fig. B.1a, the crack tip stress attains its maximum at the peak load of the first 
cycle and decreases in subsequent cycles.  This behavior is dictated by how the back stress 
changes as plastic strain accumulates.  At the crack tip, the back stress reaches a maximum at the 
peak load of the first cycle and thereafter it decreases over the following cycles.  Consequently, 




In contrast to the opening stress, the plastic strain ahead of the crack tip increases with 
the number of cycles, and as shown in Fig. B.1b, it can reach abnormally high values, for 
instance, after 60 cycles.  In other words, continued application of cyclic loading to a stationary 
crack leads to continued and unrealistic plastic straining for a structural material.  This result 
indicates that the use of stationary crack calculations under cyclic loading to find the steady-state 





































































Figure B.1. Profiles of (a) normalized opening stress, 0/yy  , and (b) effective plastic 
strain, p , ahead of a stationary crack tip at peak load for cycles N = 1, 10, 20, 40, and 60 
under K = 20 MPam and zero load ratio.  The parameters r and b are the distance from the 
current crack tip and the crack tip opening displacement at each cycle, respectively.  The 














  RE-MESHING PROCEDURE 
 
In this appendix, we present the numerical procedure implemented in our simulation for 
the crack tip re-meshing when straining of the crack tip elements becomes severe. As discussed 
in Section 3.3 on numerical simulation, we performed a re-meshing procedure to minimize 
numerical error due to severe mesh distortion resulting from large accumulated plastic strains 
near a fatigue crack.  The re-meshing procedure was carried out when the accumulated plastic 
strain from the last re-meshing reached a critical value [25], which was taken to be 0.4 in our 
simulations.   
When the re-meshing condition was met, a new mesh was generated.  For each new nodal 
point, the local coordinate with respect to the previous mesh was determined by finding the 
previous mesh element that contains the new nodal point.  We then calculated the stress and 
strain fields as well as the state variables in the new nodal points from projection of those values 
from the previous mesh.  Lastly, the quantities at the new integration points of each element were 








FINITE ELEMENT IMPLEMENTATION OF THE CHABOCHE CONSTITUTIVE 
MODEL 
 
Following Govindarajan and Aravas [172,173], we seek the solution ( 1nσ , 1nα , 1nR  , 
1
p p p
n n      ) at time 1n nt t t     when the solution ( nF , nσ , nα , nR ,
p
n ) at time nt  and the 
deformation gradient 1nF  are known.  The deformation gradient tensor at any time 1[ , ]n nt t t   
can be  
 1( ) ( ) ( ) ( ) ,n n n nt t t t t t t     F F F R U F , (D.1) 
where R(t) and U(t) are the rotation and right stretch tensors respectively associated with ΔF(t). 








 U n n , (D.2) 
where ( )i t  and in  are the corresponding eigenvalues and eigenvectors of U(t) for 1n nt t t   , 
and   denotes tensor product.  The eigenvectors in  are assumed to be constant during the time 
increment, 1n nt t t   .  The deformation rate tensor D(t) and the spin tensor W(t) of F(t) can 
then be calculated through:  
 1( ) [ ( ) ( )] ( ) ( ) ( )Tsymt t t t t t
 D F F R E R  ,  (D.3) 
 1( ) [ ( ) ( )] ( ) ( )Tasymt t t t t
 W F F R R  ,  (D.4) 
where [ ]sym  and [ ]asym  denote respectively symmetric and antisymmetric parts and E(t) is the 










  E U n n . (D.5) 
The Jaumann rate of the Cauchy stress tensor and the ith back stress tensor are defined as: 
 

  σ σ σW Wσ , (D.6) 
and 
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Using Eqs. (D.3) and (D.9), we can write Eqs.(3.2), (3.3),(3.5)-(3.9), and Eq. (3.11) as 
 e pE E E    ,  (D.10) 
 ˆ :e eσ C E  ,  (D.11) 
 0ˆˆˆ( , , ) 0ef R R    σ α ,  (D.12) 
 
2
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3
p p





p p p  E E  , (D.14) 
 ˆp pE N  , (D.15) 
 ( ) pR h Q R    ,  (D.16) 
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where we defined ˆ ˆˆˆ3( ) / 2 e  N = σ α  in which ˆ ˆ ˆˆ ˆ(3 / 2)( ) : ( )e     σ α σ α .  Thus, the problem 
has been reduced to: given the solution ˆ nσ , ˆ nα , nR ,
p
n  at time nt  and the logarithmic strain 
increment ΔE over the time interval 1[ , ]n nt t  , we seek the solution 1ˆ nσ , 1ˆ nα , 
1nR  , 1
p p p
n n       at time 1nt  . 
Equations (D.10), (D.11), (D.13), and (D.16) can be integrated over the given time increment Δt 
to give 
 1ˆ ˆ :
e e p
n   σ σ C E ,  (D.17) 
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where ˆ ˆ :e en  σ σ C E  is the elastic predictor. Backward Euler integration of Eq. (D.15) yields 
the plastic strain increment pE  as  
 1ˆ
p p













N ,  (D.21) 























    (σ θ σ θ .  (D.23) 
We introduce 
 




    σ α σ α , (D.24) 
to determine whether the deformation over the current step involves additional plastic 
deformation.  If 0ˆ 0
e
e nR    , the deformation increment in the current step is elastic, i.e., 
0p  .  Hence, the stress tensor, back stress tensor, and isotropic parameter at the end of the 
step can be obtained as 1ˆ ˆ
e
n σ σ , 1ˆ ˆn n α α , and 1n nR R  , respectively.  If 0ˆ 0
e
e nR    , 
plastic straining takes place during the time increment.  The yield condition at time 1nt   can be 
written as 
 1 0 1ˆ( ) 0e n nf R      , (D.25) 
where 1ˆ( )e n  and 1nR   are nonlinear functions of the effective plastic strain increment Δ
p .  
Equation (D.25) is solved numerically through Newton iteration to obtain Δ p .  Using the 
effective plastic strain increment Δ p , one can obtain pE  from Eq. (D.20) and finally 1ˆ nσ , 
1ˆ( )i nα  and 1nR   at time 1nt   can be determined from Eqs.(D.17), (D.18), and (D.19), 
respectively. 













,  (D.26) 
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in which Δσ is the stress increment over the time interval 1[ , ]n nt t   and ΔE is the associated strain 
increment.  The consistent moduli are obtained at the end of step at time 1nt  .  Equations (D.10) 
and (D.11) may be integrated to give the co-rotational stress increment as 
 ˆΔ = : Δ : Δe e pσ C E C E .  (D.27) 
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 APPENDIX E 
CALIBRATION OF CHABOCHE MODEL MATERIAL PARAMETERS 2C , 2 , AND 
0  USING LEAST SQUARE APPROXIMATION 
 
As described in Chapter 6, the Chaboche material model for cyclic plasticity involves 
nine parameters: 1C , 2C , 3C , 1 , 2 , 3 , Q, h, and 0 . Determination of parameters 1C ,  3C , 
1 , 3 , Q,  and h  was outlined in details in Chapter 6. In this Appendix, we describe our method 
to calibrate the material parameters 2C , 2 , and 0 .  
The closed form solution for the uniaxial strain-controlled cyclic loading was found in 
Section 6.3 as  
 
       1 21 min 2 min
1 2
3 0
1 2exp 1 2exp
                                                            .





      
 
  
       
  
 (E.1) 
In Eq. (E.1), 1C , 3C , 1 , and Q  are known (as described in Section 6.4.1). In order to determine 
2C , 2 , and 0 , we used least square optimization as follows: 
i. From the stable stress-strain hysteresis loop data obtained from the uniaxial strain-
controlled cyclic loading test we consider a series of n stress-strain data ( exp , pi i  ). 
ii. For a certain strain pi , Eq. (A.1) gives the calibrated model stress prediction 
model
i . The 
difference between the calibrated model stress prediction, modeli , and the experimentally 
measured stress, expi , is considered as the error of the calibrated model. The parameters 
2C , 2 , and 0  are obtained by minimizing the sum of squared errors as 
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